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SOME NEW CONSTRUCTIONS AND ESTIMATES

IN THE PROBLEM OF LEAST AREA1

BY

HAROLD PARKS

Abstract. Surfaces of least k dimensional area in R" are constructed by

minimization of the n dimensional volume of suitably thickened sets subject

to a homological constraint. Specifically, let 1 < k < n be integers and

B c R" be compact and k — 1 rectifiable. Let G be a compact abelian

group and L be a subgroup of the Cech homology group Hk_x(B; G) (in

case k = 1, suppose, additionally, L is contained in the kernel of the usual

augmentation map). J. F. Adams has defined what it means for a compact

set X c R" to span L. Using also a natural notion of what it means for a

compact set to be e-thick, we show that, for each e > 0, there exists an

e-thick set which minimizes n dimensional volume subject to the require-

ment that it span L. Our main result is that as e approaches 0 a subsequence

of the above volume minimizing sets converges in the Hausdorff distance

topology to a set, X, which minimizes k dimensional area subject to the

requirement that it span L. It follows, of course, from the regularity results

of Reifenberg or Almgren that, except for a compact singular set of zero k

dimensional measure, X is a real analytic minimal submanifold of R".

1. Introduction. Consider a compact k — 1 rectifiable set B c R" (1 < k <

«), a compact abelian group G, and a subgroup L of the Cech homology

group Hk_x(B; G) (in case k = 1, one supposes, additionally, L is contained

in the kernel of the usual augmentation map). A compact set X c R" is said

to span L if and only if B c X and X *(L) = 0 where i, : B -» X is the

inclusion map. Typically one seeks a compact set X c R" spanning L such

that

%k(X ) = inf {0(*( Y ): Y c R" is compact and spans L};

on the other hand, it is usually considerably easier to find a compact set

X c R" spanning L such that

£"{x:dist(x, X) < e} = inf{en{ y: dist(.y, Y) <e}:

Y c R" is compact and spans L) ;        (»)

here e > 0 and %k and £" denote Hausdorff k dimensional measure on R"

and Lebesgue « dimensional measure, respectively. The following theorem
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relates these two procedures. Let e„ e2, e3, . . . > 0 with lim,e, = 0.

Theorem (1) For each i = 1, 2, 3, . . . there exists a compact set A, c R"

which spans L and satisfies (*) with e replaced by e,.

(2) For A",, X2, Xj, . . . chosen as in (1) there exists a subsequence i(\), i(2),

i(3), ... of 1, 2, 3, .. . and a compact set X c R" such that IútlA,^ = X in

the Hausdorff distance topology, X spans L, and

%k(X) = inf{'5Üc(Y ): Y c R" is compact and spans L}.

It then follows from the regularity results of Reifenberg or Almgren that,

except for a compact singular set of zero Oí? measure, A" is a real analytic

minimal submanifold of R".

The central tool used in proving the above theorem is a correspondence

between e-thick sets and polyhedral complexes (as defined in §5.1) based on

Besicovitch's covering theorem. Polyhedral complexes, in particular, admit

useful estimates on £"{x: dist(x, •) < e} and also admit various intricate

geometric constructions (see, for example, the Isoperimetric Theorem 5.3).

2. Definitions. Except when otherwise stated, we will follow the notation

and terminology of [FH]. Denote by « and k integers with 1 < k < « and by

G a compact, abelian group.

(l)SetR+ =Rn [t:t > 0}.
(2) For each positive integer m, each a E Rm, and each r G R+ define the

closed [respectively, open] ball of radius r centered at a, Bm(a, r) [respectively,

Vm(a, /•)], by setting

Bm(a, /•) = Rm n {x: \x - a\ < r)

[respectively,

\]m(a, r) = Rm n {x: |x - a\ < r) ]

and the sphere of radius r centered at a, Sm~x(a, r), by setting

Sm~\a, r) = Rm n {x: \x - a\ = r);

also, set

Ct[Bm(a,r)] = Ct[Um(a, r)] = a,

and for each A c Rm and each (closed or open) ball B c Rm, say B is

centered in A if and only if Ct(2?) G A.

(3) Set

(So = { C: C is a compact subset of R" }    and   Q = Qq ~ {0}.

(4) Define the Hausdorff distance d: Q X 6 -» R by setting

d(Cx, C2) = sup{dist(x, C,): / = 1 andx G C2,

or i = 2 and x G Cx}

for each (C„ CJ G Q X 6.
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(5) For each e G R+, define ce, ee: (2q -» 6^ by setting

ce(C) = R" n {x: dist(x, R" ~ C) > e} c C

and

e?£(C) = R" n {x: dist(x, C) <e) D C

for each Ce(^.

(6) For each e G R+, set

ee = en{C:e£¿cc(C)=C};

the elements of Qe are called e-thick sets.

(7) For each positive integer m, each ,4 c Rm, and each B c Rm set

,4 * 7i = [ta + (1 - t)b: a E A, b E B, 0 < í < 1}

and set Cv(A) equal to the convex hull of A.

(8) For each positive integer m and each sequence x0, x,, x2, . . . , xm E R"

set

\Xq, X], X2, ■ • . , Xm)

= { 2 \xt- 0 < A, for i = 0, 1, 2, . . . , m and 2 \ = 1}

and set <x0> = {x0}.

(9) For each A c R" and each

ffi C {U"(x, r): x E R", r E R+}

with^ c U &, set

N(ffi^)-  U   U (<Ct(L/0),Ct(c/,),Ct(f72),...,Ct(i/J>:
m>0 <■

L7 e S for / = 0, 1, 2, . . ., m and A n  f)   Ut^®)-

(10) For each x = (x,, x2, x3, . . . , x„) E R" set

m(x) = sup{|x,|: / = 1, 2, 3, . . . , n).

(11) Whenever X, A E Gq with A c X and q is a nonnegative integer, we

denote by Hq(X, A) the q dimensional Cech homology group of X relative to

A with coefficients in G (see [ES, IX]). Each continuous mapping

f:(X,A)-*(Y,B),
Y, B G (2n, B c Y, induces a homomorphism

f,:Hq(X,A)^Hq(Y,B)

in the usual way. Set Hq(X) = Hq(X, 0) and let

aug(A-):770(A)^G

be the augmentation map induced by the map from X to the one point space.
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(12) For each B E 6 and each subgroup L c Hk_x(B) we say that X E G

spans L if and only if B c X and -L „(L) = 0 where -c : B —> X is the

inclusion map. Denote by G(B, L) the collection of sets in G which span L

and, for each e G R+, set

p.B(B, L) = inf{£" ° ee(X): X E G(B, L)},

9lte(7L L) = {A" E G(B, L): £" ° ee(X) = ^(B, L)}.

3. An existence theorem.

Theorem. (1) For each B E G and each subgroup L of Hk_x(B), which in

case k = 1 satisfies L c ker[aug(7?)], G(B, L) is nonempty.

(2) For each r E R+, G n {C: C c B"(0, r)} ¿s compact in the Hausdorff

distance topology.

(3) For each e E R+, ee\G: G -» Qe is continuous in the Hausdorff distance

topology.

(4) Por eac« e G R+, £": 6£ ->R+ « continuous in the Hausdorff distance

topology.

(5) For each B E G and each subgroup L of Hk_x(B), G(B, L) is a closed

subset of G in the Hausdorff distance topology.

(6) For each e E R+, each BEC, and each subgroup L of Hk_x(B), which

in case k = 1 satisfies L c ker[aug(7?)], ?fiLt(B, L) is nonempty.

Proof. (1) Conclusion (1) follows from [RE, Lemma 2A] applied to

{0} * B.
(2) Conclusion (2) is contained in [FH, 2.10.21].

(3) First, we check that et(G) c Ge. Let C G G be arbitrary. We must show

that

ec°cc[et(C)] = ee(C).

If x G eE ° ce[ee(C)], then there is y G ce[ee(C)] with |x — y\ < e, but, since

v G ce[ee(C)], we have B"(y, e) c ee(C), so x G ee(C); on the other hand, if

x G ee(C), then there is.y G C with |x - v| < e, so B"( v, e) c et(C) and thus

v G ce[ee(C)], so x G ee ° cJee(C)].

Next, we check the continuity of ee\G. Assume C, D E G and è G et(C).

Then there exist c E C and d E D such that |¿> — c| < e and \c — d\ <

d(C, D). In the line segment bd one can clearly choose e G ee(D) with

|Z> - e| < d(C, D). Similarly, for each e' E et(D) there exists b' G ee(C) with

\b' - e'\ < </(C, D). Thus we have

<ee(C),ee(Z))] <d(C,D).

(4) Assume Ceß, and let 0 < X < 1 be arbitrary. Set t, = Xl/3 and

t2 = 2~'t,. Choose an integer «i such that 27"-o(Ti/2)' > 2A1/3, t3 such that
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t2 < t3 < 2_1, and aQ E R+ such that for each (p, q) E R" X R", with \p -

q\ = e, and each 0 < a < a0 one has

t"[Bn(p, a) n B"(q, e)] > r3a(n)an.

Set

U+ =U"(0, 1) n {x:x-e„ > 0}

and

U- =U"(0, l)n {x:x-e„ < 0}.

By [FH, 2.8.15] there exists a finite disjointed family F of closed balls

contained in U + such that

£"(UP) >T,£"(t/+).

Set a = inf{2~'diam S: S G F}; note that a < 2_1.

Since C = et » c£(C), by [FH, 3.2.34], one has

£"(C) < £"[c£(C)] +  lim    ('cK?-l{x:dist[x,ce(C)]=s}dtl

= £"[c£(C)] + T ^-'{x: dist[x, ce(C)] = j}rf£j
•'o

= £"(IntC) < £"(C).

Thus £"(C) = £"(Int C) and, applying [FH, 2.8.15], one obtains a finite

disjointed family, G0, of closed balls contained in Int C of radius less than o0

such that

£"(U<?o) >t,£"(C).

Set ß0 = inf{2_1diam S: S E G0}. Choose 50 G R+ such that for each p G

R", each q G R", each a with amß0 < a < a0, and each ô with 0 < 8 < 80: If

|/) - q\ = e + 5, then

t"[B"(p, a) n B"(q, e)] > r2a(«)a".

Now, fix D G ß£ with d(C, D) < 80. We will construct inductively certain

families, C7„ of closed balls contained in Int C and certain Borel subsets, E(i),

of D n Int C, for 0 < / < m + 1, such that

(a) G, is disjointed;

(b) if S G G, and r = 2~ 'diam 5, then a'ß0 < r < o0;

(c) if 1 < / < m + 1, then

U G,, c U G,_,    and    £"( U G,) > t2£"( U G,_,);

(d) 7i(0) = 0 and if 1 < / < w + 1, then

E(i) c U G,._, ~ U G,.   and   £"(£(/)) > t2£"(U G,_i).

Suppose G, and E(i) have been constructed and 0 < i < m. For each 5 G G„

because Ct(5) G C, D E Ge, d(C, D) < 50, and
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amß0 < 2~'diamS < a0,

there exists an isometry hs of R" so that

hs o /*,[B"(0, 1)] = S   and    t"(Es) > r2a(n)rn,

where

Es = hsollr(U')n D

and r = 2~ 'diam 5. Set

E(i + 1) = U{7vS e G.)

and

Gf+i= U{{hs°pr(T):TEF}:SEGi}.

One sees easily that (a)-(d) above are satisfied. Since, in particular, the sets

E(i) are pairwise disjoint, one has

m + \ m      . j   . ;

t"(D n Int C ) >   2   £"(£(/)) > t2 2    ^   £"( U G0)
i=l i=0 v ¿ i

m      i T. \i

> en(C)r,r22o (y) >A£"(C).

The above shows that if C,, C2, C2, . . . G(3£ with lim,C( = C in the

Hausdorff distance topology, then

£"(C) < Uminf £"(C,).
1

Since £"(C) = limo^0+£'' ° e„(C) and i/(C, C,) < a implies C, c ea(C), one

sees that

£"(C) > lim sup £"(C,.).

(5) Assume C £ 6 and C„ C2, C3, . . . G&(B, L) with lim,. C, = C in the

Hausdorff distance topology. One checks that, for/ = 1, 2, 3, ...,

Dj= C u  U   C¡GG
i>j

and notes, by [RE, Lemma 7A], that Dj G G(B, L). Also one has

Dx D D2 D £>3 D • • •     and     H  Ö, = C
j

so it follows from [RE, Lemma 21 A] that C G Q(B, L).

(6) Select Y G G(B, L) with £" ° ee(Y) < 2pt(B, L), which by (1) we can

do. Then there exists an integer i with

1 < i < 1 + 2a(«)"1£_X(fi. ¿)

such that

Y n Sn-'(0, r + 2ei) = 0.

where r = í/({0}, B).
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By a direct sum theorem for Cech homology (see [ES, I, 13.2 and X]) one

has

Y n B"(0, r + 2ei) G G(B, L).

Conclusion (6) now follows from (2)-(5).

4. The one dimensional case.

4.1. Lemma. Assume m is a positive integer y G R+, {C, C,, C2, C3,... } C

G, {e(l), e(2), e(3), . . . } c R+ with lim,. e(i) = 0, {5(1), 5(2), 5(3), ...}cR+

U {0} with lim, 8(f) = 0, and that, for each i = I, 2, 3, ..., C¡ consists of no

more than m connected components and 8(f) = d(C, C¡).

(1) There are no more than m connected components in C.

(2) If one has

Z-'e^qXyleO)]"-1

for i = 1, 2, 3, ..., then %l(C) is finite and C is l-rectifiable.

(3) If %l(C) is finite, then one has

%\C) < liminf ST ° e^CX« - l)~'e(i)1_n.
i

Proof. (1) Conclusion (1) is clear.

(2) By [FH, 2.8.14] there exists a positive integer b such that, for each i = 1,

2, 3, ... , there exist disjointed families, Fx, F2, F3, . . ., Fb, of closed balls of

radius e(i) centered in C, so that C, c U (\JjFf). The hypothesis of (2)

implies

card(P,.) < ya(«)-1e(/)"1,

foij= 1, 2, 3, . . . , b. Set L¡ equal to the union of all the line segments the

endpoints of which are the centers of a pair of intersecting balls in UjFj. One

observes that

3C'(A) < 2-3"¿>V*(«r1

because, for each cER+, each closed ball in R" of radius r intersects no

more than 3" disjointed balls of radius r. Observe also that each L, consists of

no more than m connected components, L, „ L,2, L,3, . . . , L,mW, and that

the L, converge to C in the Hausdorff distance topology.

Set

m

K= (J [t:2j <t < 2/+ 1}.
J-i

For / = 1, 2, 3 . . . and/ = 1, 2, 3, ... , m(i), by [EH, Theorem 2] there exists

a function// {/: 2j < t < 2/ + 1} -►R" with/v({i: 2/ < r < 2/ + 1}) = LtJ

and Lip(/V) < 2%1(LiJ). We then define/: K-> R" by setting

/*(') = 4(0.   if/ = 1, 2, 3, ... , m(i) and 2/ < t < 2/ + 1,
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and

We have

and

fM = ftMo(2m(i) + O,   if 2m(i) + Kt.

ft(K) = A

Lip(/) < sup{diam L,} u (2X1(Av):i - 1,2, 3,..., m(i)}

< sup{diam L,, 23C'(L,)}.

The above estimate for %1(Li) gives a uniform bound for Lip(/). Since

U ¡L, u C is compact, we see that a subsequence of/,, /2, /3, . . . converges

to a Lipschitzian function/. It is clear then that/(7C) = C.

(3) By (1) and [EH, Theorem 2], C is 1-rectifiable. Let C be the set of

cGC such that @l(%lLC, c) = 1 and Tan^X'LC, c) is a 1 dimensional

vectorsubspace of R". By [FH, 3.2.19] we have %l(C) = %l(C).

Let 0 < a < 3_1 be arbitrary. We will show that for each c G C there

exists r0(c) > 0 so that if 0 < r < r0(c), then

liminf £"[e£(,)(C,.) n Bn(c,r)]a(n - l)_1e(i)I_"

> 2(2 + ó-^-'íl - 2o- - 3o2)l/23C[C' n B"(c, /•)] (#)

holds. Once this is established, conclusion (3) is obtained as follows: By [FH,

2.8.15], we can find a disjointed family of closed balls, {B"(c-, rf): j = 1, 2,

3, . . . }, such that c, G C, 0 < r} < r0(cf), for/ = 1, 2, 3, ... , and

%x en U B"(c,,0) - 30(C);

then we have

lim inf £" « e£(()(C,)a(« - l)"1«^)1"
Í

> lim inf £" !_/-\1 —«a(» - l)-'e(i)

■ xl-n

^e(o(C,) n U   V(cj, rj)
j

= hm inf 2 e[WQ)n B"(c>- o)]a(" - O"1««1

> 2  hrninf ß-[^0(Cl) n B"(c,, rj)]a(n - l)-le(i)1-
j '

> 2(2 + 6-'a)-'(l - 2a - 3a2)i/2^ 3C[C n B"(c,, />)]
7'

= 2(2 + 6-lo)~l(l -2a- 3a2)l/2%1(C).
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Now, fix c E C. To simplify the notation we suppose c = 0 and that

Ta.nx(%xLC, c) is spanned by ex. Set

C" = C~{x:{x}isa connected component of C },

r, = dist(C", C~C"),

r2 = inf (2~ 'diam K: K is a connected component of C"}.

Note that C c C", and if x G C" and 0 < r < r2, then, by [FH, 2.10.12],

%l[C r\B"(x,r)] > r.

It is clear that we can pick r3 > 0 so that 0 < r < r3 implies

30[C n B"(0, r)] < (2 + 6~lo)r

and

30[C n B"(0, r) n {x: |q(x)| < (2 + a)~xor}] > (2 - ó"1*)/-,

where q: R" —» R"~ ' is defined by

q(x„ x2, x3, . . . , xn) = (x2, x3, . . .., xn).

Set

r4 = inf{/-„ 2r2o_1, 2r3(l + a)~l).

We claim that if 0 < r < r4, then

C n B"(0, r) n {x: |q(x)| > ar) = 0

To see this, suppose on the contrary that

x G C n B"(0, r) n {x: |q(x)| > ar).

Since r < rx, we have x G C", and thus, since 2~lar < r2,

%l[C n B"(x, 2"W)] > 2"W.

Also, we have

B"(x, 2-lar) c B"[0, 2~'r(2 + a)] n {x: |q(x)| > 2~xar}.

It follows, since 2~lr(2 + a) < r3, that

30[C n B"(0, 2"V(2 + <j))] > 2~lor + (2 - 6-'a)2-V(2 + a)

and

D0[C n B"(0, 2"V(2 + a))] < (2 + 6-'a)2-V(2 + a),

which is a contradiction.

Next we note, using the fact that Ta.n1(%1LC, 0) is the vector space

spanned by e,, that there is 0 < r0 < r4 so that if 0 < r < r0 and

- r(l - a2)l/2 <t<r(l- a2)X'\

then

C n B"(0, r) n {x: x • e, = t) ¥* 0
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Now fix 0 < r < r0. Consider a positive integer i such that 8(f) < ar and

e(0 < ar. Set

a = r(l - 2a - 3a2)x/2.

We claim that if

- a < tx < t2 < a,       t2- tx> 25(i),

C, n B"(0, (1 - a)r) n {x: x • e, = r,} = 0,

and

C, n B"(0, (1 - a)r) n {x: x ■ ex = t2) = 0

hold, then B"(0, (1 - a)r) n {x: tx < x ■ ex < t2) will contain a connected

component of C¡. To see this, it will suffice to show

Gn S"-'(0, (1 - o)r)n {x: -a < x • e, < a} =0

and

C, n B"(0, (1 - o» n {x: tx < x • d < f2} * 0.

Suppose

x G G n S"-'(0, (1 - a)r)n {x: -a < x • e, < a),

then |q(x)| > 2ar. Also, there is x' G C n B"(x, 5(/)), so

x' G C n B"(0, r) n {x: |q(x)| > ar),

a contradiction. On the other hand, there does exist

w E C n {x: |q(x)| < ar, x ■ e, = 2-1(r1 + t2)}

and, thus,

w' g c,. n B"(w, 5(0).

One notes then that

|w'| < (1 — a)r   and   r, < w' • e, < r2.

It follows from the above that

£"K(o(Ç) n B"(0, r)]a(n - ï)-le{i)1-

> 2(1 - 2a - 3a2)x/2r - 2(m + l)8(i),

and hence we have (#).

4.2. Theorem. Assume B c R" is finite, L c 7f0(7i) n ker[aug(7i)] ¿j a

subgroup, (e(l), e(2), e(3), . . . } C R+ with lim,e(0 = 0, and {C„ C2, C3, . . . }

C ß w/7« C, e "311^(5, L)/or eacn i = 1, 2, 3,-

(1) For each i = 1, 2, 3, . . . , /«ere exista C,' C C, ÍMC" íAaí Q' G ß(Ä' L)'

ee(o(Ci) = ee(<y(Ç)' an^ eacn connected component of C¡ contains a point ofB.
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(2) For each i = 1, 2, 3, ..., one has

£" ° e£(0(G) < diam(7i ) • card(7i ) • a(n - l)e(i)"'x

+ card(B)-a(n)e(i)".

(3) There exists r G R+ such that C, C B(0, r)for each i = 1, 2, 3, ....

(4) There exist C G G, which is l-rectifiable, and a subsequence i(\), i(2),

i(3), ... of 1, 2, 3, . . . so that Ci(y converges to C in the Hausdorff distance

topology asj —» oo.

(5) For each C as in (4), one has C G Q(B, L) and

%X(C) = inf{30(A"): X G G(B, L)} < oo.

Proofv (1) One sets C{ equal to the union of all connected components of

G which contain a point of B. Conclusion (1) then follows from a direct sum

theorem for Cech homology (see [ES, I, 13.2 and X] and [RE, Lemma 21A]).

(2) Conclusion (2) follows from [RE, Lemma 2A], applied as in the proof of

3(1), and an obvious estimate.

(3) Conclusion (3) follows from the construction in the proof of 3(6) where

we use (2) to bound n^iy(B, L).

(4) It follows from (3) and 3(2) that a subsequence C/(1), C,(2), Ci(3), . . .

converges to G One notes also that C'i(J) converges to C in the Hausdorff

distance topology, so (2) and 4.1(2) imply that C is l-rectifiable.

(5) Let C be as in (4), then C G G(B, L) by 3(5). Suppose X E G(B, L)

with %X(X) < oo. As in the proof of (1), one sees that there exists Y c X

with Y G G(B, L) such that Y has finitely many connected components. By

[EH, Theorem 2] and [FH, 3.2.39], one sees that

%X(Y) =  lim   £" o e(Y)a(n - 1)~V-".
e->0+

By (1) and 4.1(3), since C/ G tÏÏl^B, L), one concludes

%X(C) < %\Y) < %X(X).

5. Polyhedral complexes.

5.1. Definitions. (1) A 0 polyhedron is a point of R"; for each integer

m > 1, an m polyhedron is a bounded, relatively open, nonempty subset of an

m dimensional affine subspace of R" the boundary of which is the closure of

the union of finitely many m — 1 polyhedra.

(2) For each nonnegative integer m, an m polyhedral complex is a subset, P,

of R" together with a decomposition of P into a finite union of 0, 1, 2, . . ., m

polyhedra such that for each / = 1, 2, 3, . . . , m the boundary of each /

polyhedron of the decomposition is contained in the union of the 0, 1,

2, ... ,1 — 1 polyhedra of the decomposition; for 1 = 0, 1, 2, . . ., m, denote

by P¡ the union of the 0, 1,2,...,/ polyhedra of the decomposition and set

9'(P) = 30(7»,); for each integer / < 0 or / > m set P, = 0 and <$'(P) = 0.
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5.2. Notation. In 5.3 we will use the following notation. For each c G R+,

set

K(0, 2, c) = sup{2c_1n1/2, 1}    and   K(n, m, c) = 2«1/2,

whenever m = 3, 4, 5, . . . , «. For each c G R+, each m = 3, 4, 5, . . . , n, and

each / = « — 1, « — 2, « — 3, . . ., 0, set

K(l, m,c) = w[l+ 2(u + i)(m + 1)22(" + 1>/2]

where

« = k(o, m-l,[(m+ i)2("+2)/2ci-mj-i/(—2)^

and
w= x(l + l,m,c[t/(m + l)2<"+2>/2+ l]-1/(m-°).

Finally, for each c G R+ and each m = 2, 3, 4, . . ., «, set

7C(m, c) = 7C"(0, «i, c).

5.3. Theorem. (1) For each m polyhedral complex P (0 < m < ri) and each

e GR+,

£" ° e£(7>) < 2 íP,(7>)a(« - i)«""'.

(2) For each c G R+, eac« 1 polyhedral complex A, and each d G R+ wir«

/«tre ex/sis a 2 polyhedral complex P with

P G G[A, HX(A)],   P c Cv(^l) n em2tC)(A),

and, for each integer i,

<$>(P) <K(2, c)   2    <$i+J(A)d-J.
J>-\

(3) Let I and m be integers with 0 < / < « and 3 < m < n. Fix a family

[Tlx, n2, II3, . . . , LI/} of palrwise orthogonal « — 1 dimensional affine subspa-

ces of R". For each c G R+, eac« m — 1 polyhedral complex A, and each

d G R+ wi'I/i

¿> cföp"-1^)]'7^"1'

and such that

dist(a, u,) < d,

for each i = 1, 2, 3, . . . ,   / an¿/ each a E A, there exists an m polyhedral

complex P with

P E G[.A, Hm_x(A)],    P c Cv(A) n edKam,c)(A),

and, for each integer i,

9'(P) < K(l, m, c)  2    9i+J(A)d-j.
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(4) For each m = 2, 3, 4, . . ., n, each c E R+, each m — \ polyhedral

complex A, and each d E R+ with

d > c[9m-x(A)]mm-n,

there exists an m polyhedral complex P with

P E G[A, Hm_x(A)l   P C Cv(A) n edKim,c)(A),

and, for each integer i,

<3"'(7>) <K(m,c)  2    9i+j(A)d~J.
7>-l

Proof. (1) Conclusion (1) is clear.

(2) Let A be a nonempty 1 polyhedral complex. Let (n,, II2, n3, ...,11,,}

be a family of pairwise orthogonal « — 1 dimemsional affine subspaces of R".

For each i = 1, 2, 3, . . ., « choose v¡ G Sn_1(0, 1) perpendicular to n, and,

for each 0 < s < 2c ~ xd, set

n,(j) = {x + (s + 2Xc"W)u,.: x G n,., X E Z}.

For each i = 1, 2, 3, . . . , n, by [FH, 2.10.11] one has

(2C W30°[^ n n,(s)] dt] < %X(A) = 9>X(A),

so one can choose 0 < s¡ < 2c~xd such that A n n,(s,) = 0. One sees that,

for some integer r,

A = A(\) u A(2) u A(3) U • ■ • UA(r)

where, for each i = 1, 2, 3, . . . , r, A(i) ¥= 0 is a 1 polyhedral complex, there

is an open cube C(f) with side length 2c~ld such that A(f) c C(i'), and,

further, the family {C(/)},_X23 r is disjointed. For each i = 1, 2, 3, . . . , r

choose x, G ^4(i)0. One can make {x,} U A(i) a 2 polyhedral complex such

that

^[{x,} n A(i)] < nx'2c-xd<$x[A(f)},

9x[{Xi} U A(i)] < 2nx?2c-xd9°[A(i)] + 9l[A(i)],

and

^[{Xi}nA(i)] = ^[A(i)].

Set

p- U [Wxaw]
i

and note that P can be made a 2 polyhedral complex such that

<$2(P) < nx'2c-xd<$x(A) < AT(2, c)«^)*/,

<3"(7>) < 2«1/2c-1i7ßP°(^) + <$\A) < 7C(2, c)[6*(><)</ + 9X(A)],
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and

<$°(P) = <3°(A) < K(2, c)&>(A).

By [RE, Lemma 3A], P E G[A, HX(A)] and it is clear that

P C Cv(A) n edKM(A).

(3) First we consider (3) in the case I = n. Let A be a nonempty m — 1

polyhedral complex. Set {y) = n ,n, and choose x E A0. Notice A c

B"(y, nx/2d) so A c B"(x, 2nl/2d). Set 7^ = {x} n A and notice that P can

be made an m polyhedral complex such that for each integer i > 0,

9(P) < 2nx?2i-x<$"-x(A)d + 9*(A)

< K(n, m, c)[9~x(A)d + 9(A)]

and

<3%P) = <9°(A) < K(n, m, c)<$°(A).

By [RE, Lemma 2A], the conclusion of (3) follows in case / = «.

Set

N = {(2, 0)} u {(m, I): 3 < m < n, 0 < / < «}

and define the relation ■< on N by setting (w', /') ■< (m, I) if and only if

(a) m' < m, or

(b) m' = m and /' > /.

The set N is well ordered by < and (2, 0) is the smallest element. Say that

(m, I) E N' if (m, I) E N and the conclusion of (3) holds for that pair of

integers. By (2) we have (2, 0) G N' and, by the preceding paragraph,

(m, ri) G N' for each m = 3, 4, 5, . . . , n. We will prove (3) by induction: Fix

(m, l) G N and suppose (m!, T) E N' for each (m', T) < (m, I). We must

show (m, l) G N'. We may assume 3 < m and / < « — 1.

Let A be a nonempty m — I polyhedral complex. Let n be an « — 1

dimensional affine subspace of R" perpendicular to II,, n2, n3, . . . , and n,

and choose v G S"~ '(0, 1) perpendicular to n. Set

n(i) = {x + (s + Xd)v: x E n, X G Z}.

By [FH, 2.10.25 and 3.2.13] one has

[d DC-'M,. n n(j)] dt\ < 2<"+2>/2<3>'(,4)
•'o

(one uses the fact

a(r + 2)a(r + 3)"1 =[(r + 3)(r + 2yx]a(r)a(r + l)~x

<2a(r)a(r+ l)-'

for r G R+), so one can choose 0 < s0 < d such that no polyhedron of A is
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contained in Tl(s0) and

T-^A, n U(s0)] <(m+ l)2^+2^29(A)d-x

for i = 1, 2, 3, . . ., m — 1. For each integer r, set

D(r) = A n {x + (s0 + rd)v: x G II).

Notice that D(r) can be made an m — 2 polyhedral complex with

d >[(m + l)2<"+2>/2c1-m]-1/(m~2){g""-2[7)(r)]}1/('""2).

Notice also that D(r) = 0 for all but finitely many r G Z.

By the induction hypothesis ((m — 1, 0) G N'), for each integer r, there

exists an m — 1 polyhedral complex B(r) such that

B(r)GG{D(r),Hm_2[D(r)]},

B(r)GCv[D(r)]nedu[D(r)],

and, for each integer i,

6"[B(r)]<«2    9+J[D(r)]d-J,
j> -i

where

u = 7C(0, m - 1, [(m + i)^-*^/^»-«]-1/«»-2>).

For each integer r set

/!(/•) = 7i(r) u B(r+ 1) u ^

n {x +[í0 + (r + t)d]v:x G n, 0 < t < l};

notice that each point of A(r) hes within d of / + 1 pairwise orthogonal « — 1

dimensional affine subspaces of R" and that A(r) can be made anm- 1

polyhedral complex with

<3""-x[A(r)] < <3""-x[B(r)] + <$m~x[B(r + 1)] + 9"~l(A)

< [u(m + l)2(n+2)/2 + 1]<$m-X(A).

By the induction hypothesis ((m, I + 1) G N'), for each integer r, there exists

T^r) an m polyhedral complex such that

P(r)GG{A(r),Hm_x[A(r)}},

P(r) c Cv[^(r)] n e^Air)],

and, for each integer i,

6w[P(r)]<w2    5"'+>[^(/-)]¿~y',
y>-i

where

w=K(l+ 1, m, c[«(m + l)2<"+2>/2 + l]-1/(M_1)).
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Set P = U rP(r). Notice that by [RE, Lemma 13A] P G C[A, Hm_x(A)], and

that P c Cv(A) n ediM+w)(A). We can make P a polyhedral complex such

that for each integer i,

<3"(7>) = 2 9[P(r)] <h>2     2    ^[¿(r)]</-■'
r r   j> -1

< w  2    f <3"+>(/4) + 22 9+j\B(r) 1+22 "éP'^T7)(r) 1 )d~j
j>-l    y ' ' >

<w  2     (<3"+^) + 2»2     2     <3,i+J+h[D(r)]d-h

+ 22 <3"+7[ö(r) ]]</-;

<w 2    y+J(A)d-J
7>-I

+2iov(w + l)2<n+2>/2  2       2    öpi+>+A+1(^l)rf-y-A-1
y>-l    A>-1

+2w(m + l)2<"+2>/2 2    ,3"+y+1(^)^-7"1
y>-i

< w\ 1 + 2(ii + l)(m + l)22<n+2)/2l   2    9+J(A)d~J,

which proves (3).

(4) Conclusion (4) is a special case of (3).

5.4. Preliminaries. (1) Set A = R" n {x: m(x) < 1}.

(2) Fix 9 E R + . For each m G {0, 1, 2, ..., «}, am will be as in [FH, 4.2.6],

and, for each a G A, we set

*(m, a) = Ta°om° r_a,

y(m, a,9)=fig° V(m, a) ° \ix/e.

(3) Let P be a k — 1 polyhedral complex. For £" almost every a G A we

have

T_a(7>)nw;'_, = 0  and  r_a ° Ml/,(p) n w;_, = 0,

so ^(A: - 1, a) and ^(/c — 1, a, 9) are defined on P. Restricting our attention

to such a G A, we set
n

H(P, a) =  (J   {**(«, «)(*) + (1 - ')*(™ - L a)(*):

0 < t < l,x E P)

and

H(P,a,9)=  U   {/*(«, a, 0)(x) + (l-r)*(m-l, a, *)(*):
m = A:

0 < t < l,x G 7»}.
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We would like to pick a decomposition of P so that if L is an / polyhedron

of the decomposition, then ty(m, a)(L) is again an / polyhedron (m = k — 1,

k, k + 1,. .., ri). Then H(P, a) can be made a k polyhedral complex and

estimates for 9"[H(P, a)] can be proved. To do this, the decomposition of P

will have to depend on the choice of a G A. Thus we are lead to formulate

the following definitions.

(4) Let r be an integer, 0 < r < n — 1. Let n be a family of r dimensional

affine subspaces of R"; n will be called an affine r family if the elements of n

are parallel to each other and only finitely many elements of n intersect any

compact subset of R". Finally, {0} will be the only affine (— I) family.

(5) Let P c R" be an m polyhedral complex and let n be an affine r

family. Define the m polyhedral complex P * n by letting the / polyhedra of

the decomposition of P * Tl consist of

(a) the connected components of L n (R" ~ U II) where L is an / polyhe-

dron of the decomposition of P (each component is to be taken as a separate

polyhedron),

(b) L n n where II 6 II, L is a polyhedron of the decomposition of P, and

L n n is / dimensional.

(6) If n, is an affine rx family and n2 is an affine r2 family, then Tlx A ü2

will denote {n, n n2: n, G n, and n2 G n2}. We note that n, A n2 is an
affine r3 family for some r3 < inf{r,, r2) and that if P is an m polyhedral

complex, then, for each integer /,

[(t> * n.) * n2], c[p * n,], u[p * n2], u[t> * (n,An2)],

(7) For each integer r with 0 < r < « — 1, let F^ be the collection of r

dimensional affine subspaces each of which contains r + 1 affinely indepen-

dent points of A n Z", set

Ff = {T2(n):zGZ"„,nGF;},

and set F = U "~0' Fr. Now, we can write

F = n; un2un3u • • • un;,

where n,' is an affine r, family (0 < r < n — 1) for each i and the H'¡ are

pairwise disjoint. Let n,, n2, n3, . . . , IL, be an enumeration of

[n'xw a n;(2) a n;(3) a • • • An^a): i< j < /, \ e a(s'j)}.

(8) Let P be a k — 1 polyhedral complex. For each a G A, set

p' = tb[(...((r_a(P)*n;)*n2)* ...)*n;];

P' is P with a new decomposition, and if L is an / polyhedron of P', then

^(m, a)(L) is an / polyhedron for m = k — 1, k, k + 1, . .., « (provided

*-a(P) n W;'.^ = 0). Thus H(P, a) = H(P', a) can be made a k polyhedral

complex for £" almost every a G A.
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5.5. Theorem. (1) If' V is an r dimensional linear subspace ofR", then there is

X G A(«, r) so that p^ (see [FH, 1.7.4]) is one-to-one when restricted to V and

\<9k\VT\*)\<(Î)

holds for i = 1,2,3,... ,r.

(2) There exists y G R+ such that if P is a k — 1 polyhedral complex, then

one has

[ f («,_,)-' dX'dt^ y*2  9(P)

forO < I <k - I and I <j < s; here uk_, is as in [FH, 4.2.6].

(3) There exists y(n, k) E R+ such that, for each k — 1 polyhedral complex

P,

(a) H(P, a) can be made a k polyhedral complex so as to satisfy

f <3>'+x[H(P, a)] dta < y(«, k) 2   9(P),
J\ i = l

(b)for each 0 < e < 1 one has

j £" ° ee[H(p, a)] d£a < 6(k + l)y(«, fc)2 ^P)«—l_I,

(c)for each 0 < e < 9 one has

f £" ° ee[H(P, a, 9)] dtna < 6(k + l)y(«, k)9^ 9(P)e"-i-x.
•'a i

Proof. (1) Let v„ v2, v3, . . . , vr be an orthonormal basis for V. Write

V, = (ü,!»ü,2»0,3.»I»)

for i = 1, 2, 3, . . . , r. By the Lagrange identity (see [BR, p. 49, Theorem 1]),

we see there is X G A(«, r) so that

l*t[<W.<y<,]l >(")"'•

Define /: Rr -> V by setting /(e,) = v, for i = 1, 2, 3, . . . , r. Then we have

|det(px °/)| > C)"1 and |p^ °/(x)| < |x| for all x G Rr. It follows that, for

x £R',

W-'IPx-ZW^Idetip.o/)! >(»)-',

which implies conclusion (1), since (Px|F)_1 =/° (Px °/)_1-

(2) Fix a k - 1 polyhedral complex P and integers /,/ with 0 < / < k — 1,

1 < / < s.

Let L be an / polyhedron of P. Using [FH, 4.2.7(1)], we have
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//     ,        (uk_xr'dx dta
ja Jr_a(L)n(R"~Unj)

<( f (uk_xyl d%> dtl < (   f (uk_x)x~k d%' dt"a
JA Jr_„(L) JA Jr^(L)

= fAfi(»k-i°r-ay-"dWd&a<2r(kn_l)%t(L).

To proceed with the proof we must consider the following situation: Let V

be an r dimensional linear subspace of R" where r > n + / + 1 — k, let n be

a translate of V, and let X be an (%', 1) rectifiable Suslin set contained in n.

Suppose also that p: R" -» Rr defined by

p(X], x2, x3, . . . , xn) = (Xi, x2, x3, . . ., xr)

is one-to-one when restricted to V and

O Ú   |(p|F)-,(e,)|.
/=i

We have

c>[ap/r(p|F)(t3)]_I,   ÎOTvEV,

and

c > [ap J,(p\X)(x)]~\   for %' almost all x G X.

Set m = k + r — n — I. Let u'm be defined as um is in [FH, 4.2.6] but with «

replaced by r. Using [FH, 3.2.22] and the fact that w*_i(x) > u'm ° p(x), we

obtain

/ f(uk_x  o T_v)-'dXd%l

<c2f n     f      (Wm°T_w)-'dX'd<K.

Now using [FH, 4.2.7(1)], we have

f ,_        ( (Wm°T_w)-'dX!dKl
•/p[cnB"(o,vï)] •'p(X)

<[ rJ    {<°T-»rmdX!dxrw
-,p[i'nB"(o,vï)] -yx)

<(« + i)7   /   K»T.,r¿3e¿3c•'p(A) -VX)

<(n + iyr(m)X(x).
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Thus we conclude

/Jvn
f (uk_xor_v)-ldX!d%l

B"(0,V^) JX

<c2(n + iyT(k + r:n_l)nX).

Let L be an /' polyhedron of P and suppose II- is an affine r family. Fix

n G n,. Let V be the r dimensional linear subspace of R" parallel to n and

let W be the orthogonal complement of V. If /' + r — n < 0, then r_a(L) n

n = 0 for ST almost every a E A. If /' + r - n > 0 then, for £" almost

every a G A, either r_a(L) n II = 0 or T_a(L) n n is an /' + r — n polyhe-

dron. We are trying to estimate the integral of (uk_x)~' over the / polyhedra

of r_a(P) * Tlj, thus only r such that I = T + r — n are of interest. So we

assume /• = « + /—/' and notice « + /— /'>« + /+l — k.

Both sides of the inequality in (2) are invariant under a linear isometry of

R" which permutes the standard basis vectors. So, by (1), we may assume that

p, as above, is one-to-one when restricted to the V of the preceding paragraph

and we may take

-:-(")'■

Then, by the above and [FH, 2.10.25], we have

//       (Uk_x)-'dx dt:
ja V,(i)nn

<( f ,_    f (uk_xor_v)-'dX'd%ld%l-r
-/wnB"(o,V^) •/KnB"(o,vn) ;T_,(L)nn

■f 3C[t_.(í.) n n] dXrr
•/WnB"(0, Vn)

< (nrf(n + iyr(k + rr_n_ Jai/M« - /•)«(/')"'

•30' Ln       U        -un)
»£(fnB"(0,Vn)

Now, define an equivalence relation on II ■ by

n, « n2 if and only if n, = tzY12 for some z G JTn.

Then Tlj consists of finitely many, say c,, equivalence classes. It follows that

//JA   JT (L)nn,

< (nrf(n + \yr{k + fr_n_ j)a(/)a(« - r)a(/')"

■Cj card{z G Z"n: \z\ < 2\fn~ }30'(L).
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Conclusion (2) now follows.

(3a) We use the decomposition of 77(7*, a) indicated in 5.4(8). Assuming

that r_a(P) n Wñ_fc = 0, we see that any / + 1 polyhedron is either of the

form

(i) ^f(m, a)(L), for some m = n, n — 1, « — 2, . . . , k — 1 and some / + 1

polyhedron L of P' (here 0 < / + 1 < k - 1), or of the form

(ii) {t*(m, a)(x) + (1 - t)V(m - 1, a)(x): 0 < t < 1, x G L}, for some

m = «, « — 1, « — 2, . . . , k and some / polyhedron L of P' (here 1 < / + 1

<k).
Now, we have, for « > m > & — 1,

30+1[*(m,a)(L)]< / \\Dam\\<+x d%>+x
Jr-a(L)

(i + «o,+7    (o_(l+,)^+1

(l + m)'+1/       (M^r^a^1,<

where we have used [FH, 4.2.6]. Next, notice that

30+1[{i¥(m,a)(x) + (1 - t)*(m - 1, a)(x): 0 < t < 1, x GL}]

< (/+ l)-1-«'/2- 30[¥(m- l,a)(L)]

<(l+l)-x-nx/2-m'f        (uk_x)~'d%1,
Jr-a(L)

where we have used the preceding observation with / + 1 replaced by / and m

replaced by m — 1. So, by (2), we have

f <3"+x[H(P,a)]de:

<  2   (i + »o/+1 ( (      («*-,r(/+1) ¿3o+i dt:
m = k-\ JA JT_a<P,'+,)

+  2   (l+iyl-nx/2-m![   f («*.,)-' a-30 dfa
m~k JA JT-atPP)

<«(« + l)*-'2   (  ( K_,)-(/+1)a-30+1 dt"a
j-\ •,A-/(T_a(/>).n,),+ 1

+ «("+1>/22   f  f («t_I)-'û'3(?a'Q
j-\ Ja J(r.a(P).nj)l+¡

<n(n+\)k-x-s-y    2     W) + «(2*+I)/2-*- Y   2   9(P)

*-i
<[«(» + 1)*_I + «<2*+1>/2]-í- y   2   ^V),



332 HAROLD PARKS

where we have also used

J s

P;+1C U   (P*n,),+ 1    and   P/c U   (P'Hj),-
j-\ j=\

(3b) By 5.3(1), (3a) above, and the fact that a(i') < 6 for each positive

integer i, one has

r k~x r
j £" o ee[H(P,a)] dta < 6  2    e"~'~l / &+l[H(P,d)] dena

k-\ k-\

<6  2    y(n,k)e"-'-x 2   &(P)
/=-i i-t

k-\     k-\

<6y(n,k)  2      2   e"-'-1^^)
/=-l    i-t

< 6(k + l)y(n, A:) 2 ^(P^e"-'-1.

(3c) Conclusion (3c) follows from (3b) since Q = nx/9(P) is a k — 1

polyhedral complex with

öp<(0) = 0-'<3p'(/>),

for i =■ 0, 1, 2,.. ., k — 1, and

ee[H(p,a,9)]=n9°ee/g[H(Q,a)].

6. Lower bound on density.

6.1. Preliminaries. For use in 6.2 we assume

(1) k > 2,

(2) B E G and L c Hk_ X(B) is a subgroup,

(3) {e(l), e(2), e(3), . . . } c R+ with lim,£(i) = 0,

(4) Ç G 91c£(0(7i, L) for each i = 1, 2, 3,_

For i = 1, 2, 3, ... , define the measure % over R" by setting

MA) =[«(» - /cMiT-*]-1- £"[e£(,,(G) n /i]

for each A c R" and the function

/,:R" XR+->R

by setting

li(x,r)=[a(n - ¿MO"-*]"' • 3C-'[ ^„(Q) n S"-'(x,r)].

6.2. Theorem. r«ere exista T, G R+, w«ic« aoes «or depend on B, L, {e(i')},

or {G}> sucn thai the following hold:

(1) For each i = 1, 2, 3, ... , i/x G R" a«a" r > e(i) with B"(x, r) D B = 0

a«a" C, n U"(x, /■) ¥= 0, then one has

%[B"(x,r)]<Tl[li(x,r)]k^-x\
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(2) For each i = 1, 2, 3, . . . , ifxEC¡andr> e(i) with B"(x, r) n B = 0,

then one has

%[B"(x,r)]>k-kT\-k[r-e(i)]k.

(3) If B is k — 1 rectifiable, then one has

lim sup £,.(R") < A:"1 • diam(5 ) • 30"X(B ).
i

(4) If B is k — 1 rectifiable, then there exists a subsequence i(l), i'(2),

i'(3), ... of 1, 2, 3, ... , a compact set C c R", and a Radon measure $- over

R" with compact support such that lim-C,^ = C in the Hausdorff distance

topology and f is the weak limit of J¡w as j —» oo. For any such subsequence,

C c R", and measure $ one has

(a) C G G(B, L),

(b) ifx G C, r E R+, with B"(x, r) n B = 0, then

%[B"(x,r)] >A:-*rj-*r*,

(c)C~5 cspt(£)cC,

(d) 30(C) < oo.

Proof. (1) By [FH, 2.8.14] there exists a positive integer b such that for

each triple (i, x, r) as in (1) there exist disjointed families, Fx, F2, F3, . . ., Fb,

of closed balls of radius 2~ xe(i) centered in C, n Sn_ "(x, r) so that

ct n s*-\x, r) g uí U f\.

It is clear that there exists c G R+ such that for each y E S"_1(x, r),

3C-1[S"-1(x, r) n Bn(y, 2~xe(i))] > ce(0"_1.

Hence, setting <3r = U jFj and / = /,(x, r), one sees that

card(f) < a(« - k)bc~xle(i)x~k.

Choose a collection of open balls, §, such that there is a one-to-one and onto

function /: ?F-» S with /[B"(>>, 2_1e(i))] = U"(v, s) for some 2~'e(i) < 5 <

e(i') and

f[B"(y, 2~xe(i))] n /[B"(z, 2-'e(i))] = 0

if and only if

B"( v, 2-'e(i)) n B"(a, 2-1e(0) = 0

whenever [B"(.y, 2_1e(i")), B"(z, 2_1e(i'))] Gf xf. For each D G % one sees,

as in the proof of 4.1(2), that

card{7i: E G §, D n E ^ 0} < 3"b.
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Notice that N[S, C, n S"_1(x, /•)] can obviously be considered as a polyhe-

dral complex and set

A=N[§,qnS"-x(x,r)]k_v

Observe that, for/ = 0, 1,2.k — 1,

9(A) < a(j)(3nb)k-xa(n - k)bc~x ■ le(¡y + 1-k,

so, in particular,

/!/(*-») > [a(fc _ l)(3"è)*-1a(„ - k)bc-xY'/(k'X)

■[9-x(A)]mk-x\

One applies 5.3(4) with m replaced by k, c replaced by

[a(k - \)(3nb)k~xba(n - k)C-xyx/(k-l\

and d = Z1/*-1* to obtain p G G[A, Hk_x(A)\ a k polyhedral complex with

^"■(p) < Yi 2  q>m+J(A)rJ/<-k-x>

k-\-m
<Y2   2    i<k-x-;v<k-xh(i)m+J+x-k

for m = 0, 1, 2, ..., k, where y, and y2 are appropriate constants. By 5.3(1)

one has

k       k-\-m

er ° e£(0(7>) < Y2 2    2   «(« - m)/(*-1-;>/<*-,>e(iy+y+1-*.
m = 0     j=-\

Since C, H U"(x, r) ^ 0, we conclude, by a direct sum theorem for Cech

homology, that C, n S"_1(x, r) ^ 0, thus

/ >ca(« - fc)_I*(/)*-1,

and it follows that

en°eeii)(P)<y3lk^-xh(f)n-k,

for an appropriate y3 G R+. Set

C = [G ~B"(x, r)] U eW0[C n S""1^, r)] U P,

so, by 8.4(1), C G 6(5, L). Observe that

e"°^o0^(o[c,nS"-'(x,r)]

< a(«)4"a(" - k)bc-xle(i)"-k+x

and

£"oe£(/)[G~B"(x,r)]

< £"[e£(/)(G)~B"(x,/-)] +«(« - k)k(i)H-k+\
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and estimate

£"h(o(Ç) ~B"(x, r)] + £"[e£(/)(G) n B"(x, r)]

= £"oe£(,.)(C)<£"oee(,)(C)

< e-o€.(KÍ)[Cí~B-(x,r)]

+ £" ° ee(i) o eMi)[q n S"-'(x, r)] + £" o e£(0(P)

< £"[e£(0(G)~B"(x,r)] +a(« - A:)/e(iy-*+1

+ a(«)4"a(" - k)bc-xk(i)"-k+x + y3lk^k-^e(i)"-k

< £"[e£(,,(C,)~B"(x,r)] + Y4/*A*-i)e(l-)-*,

for an appropriate y4 G R+. Conclusion (1) follows.

(2) Let i, x, and r be as in (2). Define/: R+ -* R by setting

f(s) = %[B"(x,s)],

so / is an increasing function with f'(s) > /,(x, s) for £' almost all positive s.

For each s with dist(x, B) > s > e(i'), we have

f(s) < Txf'(s)k/(k-x\

thus

[/(i),/ft]' > fc-'ri'-*)/*.

Conclusion (2) follows.

(3) Conclusion (3) follows from [FH, 3.2.22 and 3.2.39] and [RE, Lemma

2A].
(4) By (2) and (3) above we see that the C, are uniformly bounded. Then

the existence of a subsequence as in (4) is a consequence of 3(2) and [FH,

2.5.2] together with the fact that 3C(R") has a countable dense set. Conclusion

(a) follows from 3(5). Conclusion (b) follows from (2). Conclusion (c) is clear.

Conclusion (d) follows from (b), (c), (3), and [FH, 2.10.19(3)].

7. Main theorems.

7.1. Preliminaries. Throughout §7 we make the assumptions of 6.1. Further,

we assume B is k — 1 rectifiable and that there exist C G G and a Radon

measure f over R" with compact support such that lim, C¡ = C in the

Hausdorff distance topology and % is the weak limit of %,as i -» oo.

7.2. Theorem. There exists T2 E R+ which does not depend on B, L, {e(i)},

{C,}, such that, for each x E C ~ B and r E R+,

f[B"(x,r)] <a(k)rk

•supjr^aífcr'fc-'-diamíTi)- 30-1(7i) • [dist(x, B)]~k).
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Proof. Let r E R+ and i" G {1, 2, 3, . . . } be such that B"(x, r) n B - 0,

U"(x, /•) n G ^ 0 aQd r > e(i). Proceed as in the proof of 6.2(1) to obtain

the k — 1 polyhedral complex A with

9(A) < a(j)(3"b)k~xa(n - k)bc~x ■ le(fy+x~k

for each integer/, where / = l¡(x, r). We will apply 5.5(3c) with 9 = rr where

t < 1 has yet to be determined. By 5.5(3c), provided e(i') < 9, we may choose

a G A so that

ET ° ee0)[H(A, a,9)]< 2"" • 6(k + l)y(«, k)9^ 9(A)e(f)"-J-x.
j

Set H = H(A, a, 9) and

7) = [C, ~ B"(x, r)] u eM0[C, n S""1^, r)] U H

U [ U {N o ra(W'(z)): z G Z"k, p9 ° ra(W(z)) c B"(x, 2nr)} ],

so, by 8.4(1), D G G(B, L). Hence one has

£"[ WQ) ~B"(*> 0] + ^tWQ) n B"(x, r)]

< £"[e£(,,(D)]

< £"[e£(,,(G) ~B"(x, r)] + a(« - *)&(/)"~*+I

+a(«)4"a(" - k)bc-xle(i)"-k+l

+ 2~n-6(k + l)y(«, /fc)02 ̂ (¿MO"-'-'

+ (12«)" 2  rV-"o(" -JHi)"~J
j-0

provided t < 1 and e(i') < 9. Setting

f(r) = %[B"(x, r)],

one has

ßf(r)<[e(i) + rr]f'(r) + T-"rk

where ß < 1 depends only on « and k. Set

T = 4-ifc-'0   and   r2 = 2T-,,/j-,a(fc)-1.

Observe that, as a consequence of 6.2(3),

%[Bn(x, #■)] < ^[^"'t-1 • diam(Ti)- 30-'(7i)[dist(x, £)]"*]

whenever r > dist(x, B). If, for r < dist(x, B),

f(r)a(kyxr-k > T2, (»)
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then one has

f(r) < k~xrf'(r)

provided e(i') < rr. Thus if (*) holds, then one sees that f(r)a(k)~xr~k is

increasing. The conclusion of 7.2 follows.

7.3. Theorem. 77ie set C is (30, k) rectifiable.

Proof. By 6.2(4d) and [FH 3.3.13] there exist Borel sets 5 and U such that

îfl £/ = 0,Su U = C, S is (30, k) rectifiable, U is purely (30, k) unrec-

tifiable, andíf(í/) = 0. Set

R = (U~B) n {x:8*(30LS', x) = 0}

and notice that by [FH, 2.10.19(4)] it suffices to show R = 0. By [FH,

2.10.15] we may assume £*[Px(t/)] = 0 for each X E A(«, A:), where px is as in

[FH, 1.7.4].
Let 2~x < p < 1 be arbitrary and set

a = 3-<* + 1>«-*/2(l - p)k card[A(n, k)]~\

Let x G R be arbitrary. There exists rQ G R+, with r0 < dist(x, B), such

that if r < /q, then

30[B"(x, r) n S] < ark.

Let r < r0 be arbitrary and set s = pr,9 = (r — s)6~xn~x/2.

For each X E A(«, k) define/x: R" -» {0, 1} by setting/x(a) = 1 if and only

if

Px_1[Px(^)] n r_a o fix/e[Bn(x, r)r\C]*0

for some z G 1Tn. Set

/=      2      k   and   A = R" n {x: m(x) < 1}.
xeA(»,t)

One estimates

ff(a)dera-   2     [fx(a)dera
JA \eA(n,k)   JA

< card[A(«, *)]«•*»-*2"-* = 3_1ef(A).

Hence there exists a compact A'cA with £"(A') = 2 • 3_1£"(A) such that

/(a) = 0 for each a G A'.

Choose an arbitrary i E {1, 2, 3, ... } which satisfies e(i') < 9. Proceed in a

manner similar to the proof of 6.2(1) to construct a k polyhedral complex P

from a covering of C, n [B"(x, r) ~ U"(x, s)] which satisfies

9(P) < Y,£,[Bn(x, r) ~U"(x, i)]e(iy-A:

for each integer/, where y, G R+ depends only on « and k.
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For each a G A, set

V'(a) = U {Clos W(z): z E Z"n   with

r-a ° /*i/e[B"(x, s + 9 )] n Clos W(z) ^ 0)

and

V(a) = pe ° Ta[V'(a)].

Now, for £" almost all a G A, P n Bdry V(a) can be made a A: — 1 polyhe-

dral complex so as to satisfy

r k~J

f 9[P n Bdry V(a)] dt"a < y2 2  9~'9+'(P)
JA /=1

for/ = 0, 1, 2,..., k — 1, where y2 G R+ depends only on « and k. Thus we

may select b G A so that

*-;

9>[P n Bdry V(b)] < (k + l)y2 2   Ö-'^+'(P)
/=i

for/ ■= 0, 1, 2,..., k — 1. By 5.5(3c) one can choose a, G A' so that

t» o eeii)[H(P nBdry V(b),a¡,9)]

< 3 ■ 2~n~x ■ 6(k + \)y(n,k)9

■ 2 9[P n Bdry V(b)]t(i)"-J-X
j

< y39 2   (k + 1)y2 27 9+'(P)0-'e(i)"-J-x
y-o /-i

< (£ + 1)y,Y2Y3- »^[B'-ix, r) ~U"(x, s)]

k-l   k-j
■ 2    2   9-'e(f)"~k + '-x

7=0    /=1

<y4%[B»(x,r)~V>(x,s)]e(iy-k,

where y3, y4 G R+ depend only on « and k.

Set

G=[C~(B',(x,/-)~U''(x,5))]

ueMi)[(q n s"-'(x, /■)) u (c, n sn-'(x,s))] u p.

By 8.4(2) we have C,' S 6(Ti, L). Now, V(b) c B"(x, r) so if

Pe ° ra, ° ak-\ ° T-a, ° Mi/e (a*-i as m [FH, 4.2.6]) is not defined on CJ n

F(6), then there is y, G C¡ n B"(x, r) such that at least k coordinates of

t_0( » ju,/#(v,) are even integers. Since C, converges to C in the Hausdorff

distance    topology    and    A'    is    compact,    it    follows    that
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H9 ° t   ° ak_x o t_„ ° nx/e is defined on C[ n V(b) for all sufficiently large

i. Also, for sufficiently large i,

C; n Bdry V(b) = P n Bdry F(Z>)

holds. It then follows that

[G ~ V(b)] u 77[P n Bdry V(b), a,., 0]

UM» ° \ °ak_xo t_^ ° m/#[Cy n V(b)}

is in 6(7?, L) for all sufficiently large i, and, hence, by [RE, Lemma 17A],

[ q ~ F(o)] u 77[P n Bdry F(6), a,., 9]

is in S(7i, L) for all sufficiently large i. So one has, for all sufficiently large i,

£"ho)(Ç) ~B"(x, r)] + £"[e£(,,(C,) n B"(x, r)]

= Ê" ° e£(,)(G)

< £"[e£(„(G)~B"(x,r)] + & » eMn(P)

+ £" ° e£(()[77(P n Bdry V(b),a¡,9)]

< £"[e£(0(G)~B"(x,r)]

+ y.^fB^x, r) ~ U"(x, i)] • 2  «(" -y)4"-'e(/)"-*
y=o

+ yJI.[B"(x,r)~lf(x,J)]e(ir-*.

Thus one has

£[UW)] <y5^[B"(x,r)~U"(x,i)]

where y5 G R+ depends only on « and A;. But 2_1 < p < 1 was arbitrary so,

by 6.2(4b),

^[S"-'(x, r)] >y5-1A;-*r¡-V*,

and this contradicts 7.2.

7.4. Theorem. (1) There exists T3 G R+ such that for each X G G, each

e G R+, and each Lipschitzian f: X -+ R" one has

er o ee[f(X)] < T3[l + Lip(/)]n£" ° e£(A").

(2) For each (30, k) rectifiable and 30 measurable set X c R", if there

exists /? G R+ such that, for each x G X and each r G R+,

B"(x, r) n B = 0 iirçp/ier 30[B"(x, r) n A"] > />*,

I«e« 910 (A") = 30 (A").
(3) Lei A- G G(B, L) satisfy

%k(X) = inf (30(7): Y G G(B, L)}
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and set Z = spt(30LA") u B; then Z G Q(B, L) and 9lO(Z) = 30(Z).
(4) Ifx E C ~ B,f E 0*(«, k), andgE 0*(«, n - k) are such that

f*(Rk) = Tan*(30LC, x)   and   g*(R"~k) = ker(/),

then there exist arbitrarily small r E R+ such that

/(/-'[U*(0, r)] n g-x[V"-k(0, r)] n r_x(C,)) = U*(0, r)

for all sufficiently large integers i.

(5) G«e has

(a) lim,4(R") > 30(C),
(b) 30(C) = 910(C),
(c) 910(C) = inf{9H*#(y): Y E G(B, L)},
(d) %k(C) = inf {30(F): Y G G(B, L)}.

Proof. (1) Let X, e, f be as in (1). Set / = Lip(/). By [FH, 2.8.14] there

exists a positive integer b, depending only on «, such that there are disjointed

families, Fx, F2, F3, . . . , Fb, of closed balls of radius e centered in X with

X c U (UjFj). Now, any point of f(X) is within le of f(c) for some

c E (Ct(B): fie U jFj), so we have

£" ° ee[f(X)] < cardi U   f\ ■ (1 + l)na(n)en.

For each/ = 1, 2, 3, . . . , b,

ca.xd(Fj) <[a(«)6n]_1£" ° e£(A")

holds. Conclusion (1) follows with T3 = b.

(2) Let X and ß be as in (2). Let a G R+ be arbitrary. By [FH, 3.2.18] one

can choose a compact, k rectifiable W c X with 30(A" — W) < ak+x. For

each e G R+ set

Ae = X~[eae(W)ueae(B)].

By [FH, 2.8.14] there exists a positive integer b such that, for each e E R+,

there exist disjointed families, Fx, F2, F3, . . ., Fb, of closed balls of radius ae

centered in Ae so that Ae c U ( UjF/). The hypothesis of (2) implies card(Ty)

< aß ~~ xe~k for/ = 1, 2, 3, ... , b, hence one has

£" » et(Ac) < (1 + a)na(")*oy3"1e''"*.

Since

& o ee(X) < £" ° e(1+o).(B) + £" - e(X+a)e(W) + £" » e,(Ae),

one concludes by [FH, 3.2.39] that

9H•*(*-) < (1 + a)""*3Cfc(»F) + (1 + a)"a(n)baß-xa(n - k)~l.

Because a was arbitrary, conclusion (2) follows from [FH, 3.2.37].

(3) Let X and Z be as in (3). By [RE, Lemma 21 A] there exists a minimal
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Y c X with Y E G(B, L). Let x G X ~ Z be arbitrary. By [FH, 2.10.25],

there exists r G R+ such that B"(x, r) n B = 0 and

30-1[A-nS"-,(x,r)] =0,

which implies

Hk_x[Y nS"-x(x,r)] =0

by [RE, Lemma 17AJ. By 8.2(2), Y ~ U"(x, r) G G(B, L), which implies

x $ T. Since x G Ar — Z was arbitrary, one has Y c Z, so Z G (2(7?, L) by

[RE, Lemma 7A]. That 9lO(Z) = 30(Z) follows from (2) and the last

paragraph on p. 37 of [RE].

(4) Without loss of generality assume x = 0. For each r E R+ set

V(r) = f-x[Bk(0, r)] n g-x[Bn-k(0, r)]

and U(r) = Int V(r). Assume, contrary to (4), that there exists r0 G R+, with

r0 < 8~ 'dist(0, B), such that for each r E R+ with r < rQ there exist infinitely

many positive integers i such that

U*(0, r) ~f[ U(r) n C,] + 0-

By 6.2(4b), 7.2, and [FH, 2.10.19(1) and (3)] there exist y„ y2, y3, and

y4 G R+ such that if

y EC n B"[0, 2-^1(0,5)]

and 0 < s < 4" 'dist(0, B), then

yxsk < $[B"(y,s)] < y230[B"( y, s) n C]

<y$[B"(y,s)] <y4sk.

Let 2_1 < p < 1 and 0 < £ < 2"3*/2(l - p)*YiY4_1 be arbitrary. Choose

0 < rx < r0 such that

30(Cn K(/)~A-I[B--*(0,2-1(l-p)r)])<É3í*[Cn K(/)]

for each I < rx. Let 0 < /• < rx be arbitrary and notice that

C n F[2-'(l + p)r] ~ g-'[B-*(a (1 - p)r)] = 0,

since if v is in the above set, then

B"[y,2-x(l-p)r] c V(r) ~g-'[B"-*(0, 2^1 - p)r)]

and, consequently,

30(C n V(r) ~g-'[B"-*(0, 2-'(l - p)r)]) > 2~*(1 - p)VV

while

30:[K(r)n C] <y42*/2r*y2-'

which is impossible by the choice of £ and r.
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By hypothesis, one can choose a subsequence i(l), i'(2), i"(3), ... of 1, 2,

3, . . . and for each/ = 1, 2, 3, . . . an a, G U*(0, pr) such that a, G f[U(pr)

n Ci(J)\. For each/ = 1, 2, 3, . . . set C] = Ci(J), e(J) = e(i(/)), and % = ^or
Define a map $■ as follows:

(a) <bj is the identity on R" ~ U[3~x(l + 2p)r];

(b) for x G í/[3-'(l + 2p)r] — K[4_1(l + 3p)r],

$j(x) = tx + (1 - t)f* o f(x)

where

t =[|/(x)| - 4-'(l + 3p)r][3-'(l + 2P)r - 4-'(l + 3p)/-]"1;

(c) on F[4_1(l + 3p)r] —/"'(/(a,)) $,. is/* °/followed by central projec-

tion from a, onto/*[S*-'(0, 4"'(1 + 3p)r)]-

We restrict our attention to/ such that

d(Cy C) < 6"'(1 - p)r    and   e"(/) < 4"'(1 - p)r.

For such/, we have

C] n F[3-'(l + 2p)r]~g-x[B"-k(0,6-x ■ 5(1 - p)r)] = 0,

so $,(£}) G G(B, L). Also, we have

u[%7)(^)n K(r)~K(pr)]

U«fc/)[*y(q n V(3-\\ + 2p)r) ~ U(4~x(\ + 3p)r))]

Ue*y)[/*(S*-,(0,4-'(l+3p)r))].

Now, one can check that

Uç[$j\Cj n V(3~x(\ + 2p)r) ~ t/(4-'(l + 3p)r)] < 26

holds. So, using (1), we obtain

enh-0>(Ç) n V(r)] < e°[eia)(Cj) n F(r)~ K(pr)]

+ r3(27)"£" o eiUy[Cj n F(3-'(l + 2p»~ U(4~\l + 3p)r)]

+ er ° e£-o,[/*(S*-'(0, 4-'(l + 3p)r))]

< [1 + r3(27)"]£"[e,0,(q) n V(r) ~ V(Pr)]

+ 2krk-xa(k)ê(j)n-k + x.

It follows that

f[ V(r)] < [1 + r3(27)"]^[ V(r) ~ K(pO]
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holds for 0 < r < rx and from that we obtain

%[V{r)~V{pr)] >Y,[l+r3(27)"]-V*

for 0 < r < rx. Thus we have

nV(r)]=ï   |[K(pV)~JV+V>]
7 = 0

>y,[l+r3(27)"]-1T*- f  P*
7=0

= y,[l+r3(27)"]-1(l-p*)-1.r*

for 0 < r < rx. Since

%[V(r)] <y3xy42k/2rk

holds for r < r0, we obtain a contradiction by choosing

1 > p > (l - Yl[l + r3(27)"]-1y3y4->2-*/2)1A

(5a) Conclusion (5a) follows from [FH, 2.8.7 and 3.2.19] and (4).

(5b) Let a E R+ be arbitrary. By 6.2(4b), 6.2(4c), 7.2, and [FH, 2.10.19

(1,3)], fL(Rn~B) and 30L(C~B) have the same sets of measure zero.

Thus [FH, 3.2.18] allows us to choose a compact, Â>rectifiable W e C ~ B

with £[C ~(B u W)] < ak+x. The proof now proceeds in a manner similar

to the proof of (2), but we use 6.2(4b) to conclude

card(7,) < akkTkyxe-k.

(5c) From (5a), (5b) it follows that

910(C) = inf { 911 **( y ): Y E G(B, L)} (f)

holds. Let D E G(B, L) be arbitrary and choose a new sequence {e(l), e(2),

e(3), . . . } c R+, with lim,e(i) = 0, so that

lim a(n - kyle(i)k-"& » e£(l)(7) ) = 910,(7) ).

Applying the previous results, one obtains C E Q(B, L) such that, by (5a),

(5b),

910(C) < 9lO,(7J>)

while, by (f) applied to C, 910(C) = 910(C). This proves (5c).
(5d) Conclusion (5d) follows from (3), (5b), (5c), and the main theorem of

[RE].

8. Topologkal lemmas.

8.1. Preliminaries. For use in 8.2 we fix the following terminology:

(\)B, C, D,E,F E G;

(2) L c Hk_x(B) is a subgroup;
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(3) e E R+ and & is a finite covering of D n C by open balls of radius no

larger than e;

(4) set H = <?£[Clos U &] and A = N(<£, D n C)t_,;

(5) assume E E G(B, L), F n B = 0, and A; > 2;

(6) i: 7) n C^>H,j: A^H, l: B ^> E ~ Int F, m: E n Bdry F^>E~

Int F are inclusion maps.

8.2. Lemma. One «as

(1)iJ77,_,(7) n C)]C/,[T7,_X(A)],

(2)l,(L)cm,[Hk_x(EnBdryF)].

Proof. (1) Let ^ be an arbitrary covering of D n C by open balls. Then

ty induces a covering of the space D n C, and the nerve, Nq,, of this covering

can be mapped to N^, D n C) in the obvious manner; we will denote this

map by/ç.

Let a G Hk_x(D n C) be arbitrary. Let % be an arbitrary covering of

D n C by open balls which refines (J and letp: N% -» Na be the projection

(see [ES, IX, 2]). One notes that r ° /$ is homotopic to q ° f& ° p, where r:

N($, D n C) -> 7/ and a: N(éB, £> n C) -» 77 are the inclusion maps. Since

% refines & we havep, ° ^ = irs and we see that

r, °/s* ° irc¡,(a) = 9» %* ° "a(a).

By the continuity of Cech homology [ES, X, Theorem 2.1], one concludes

/» e q.[Hk_m®> D n C))].

But, clearly, one has

a,[/i*_,(N(ffi,Z) n C))] C/,[77,_,(^l)].

(2) Consider the following commutative diagram in which all the homo-

morphisms are induced by inclusion maps.

0
Hk_ X(E, EnF) <-— Hk_ X(E ~ Int F, E n Bdry F)

M                                      8*î                                   /
Hk_,(E) <-^-77fc_ ,(F ~ Int F) —-*-7/fc_ j(7?)

™,

//^(FOBdryF)

By [ES, IX, Theorem 7.6], ker(ô,) = im(mj, while, by [ES, X, Theorem 5.4],

9n is an isomorphism. Let a G L be arbitrary. By hypothesis y, ° /„(a) = 0,

so

0 = *, • y, » /.(a) = «/8,° /,(*);

thus one has 5, ° /»(a) = 0, which implies l^(a) G im(m,).
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8.3. Preliminaries. For use in 8.4 we fix the following terminology:

(1)5, C,D G G;
(2) L c Hk_ X(B) is a subgroup;

(3) e G R+, & is a finite covering of Z) n C by open balls of radius no

larger than e, and (3^ c & is a covering of Bdry(7J>) n C;

(4) set.4 = N(ffi, D n C)k and.4, = N(&,, Bdry(Z)) n C)k_x;

(5) assume C G 6(7?, L), 7) n B = 0, and A; > 2.

8.4. Theorem. (1) For each Y E G[Ax, Hk_x(Ax)], one has

(C~£>)u e2£[Bdry(7))n C] u Y G 6(73, L).

(2) 0«e /ias

(C~D)u e2£[Bdry(7))n(C)] u ¿ G 6(73, L).

Proof. (1) Set

U = (C ~ D ) u e^(C D Bdry 7) ) u Y.

Consider the following commutative diagram in which all the homomor-

phisms are induced by inclusion maps.

Hk-Mi)

ffMWO«Ui,)) —

7

Hk_x(Cn Bdry 7?) 77fc_1(C~IntD) + «*-iW

Let a G L be arbitrary. By 8.2(2) there exists a' G Hk_x(C n Bdry 7>) such

that /î(a') = «(a). By 8.2(1) there exists a" E Hk_x(Ax) such that 8(a") =

y(a'). One sees easily that <b(a") =■ 0 implies 9(a) = 0.

(2) Set

C, = C ~ Int D,    C2= C n D.   E = C n Bdry 7),

F= (C~Z)) u e2c[C n Bdry 73] u >4.

Consider the following commutative diagram in which all homomorphisms,

except 9,, 32, and 9 are induced by inclusion maps.
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T -1" jS

Hk_1(ee(C\os U fi,))-► #k_,O0

M w3 Î
Hk_Mi)-^*-iW

Let a G L be arbitrary. By 8.2(2) there exists a' E Hk_x(E) such that

ßx(a') = a(a). Since C G 6(73, L), one has y(a') = 0. Thus there exists t' G

Hk(C, E) such that 9(t') = a'. The maps </>, and </>2 provide an injective

representation of Hk(C, E) as a direct sum, so there exists r¡ E Hk(C¡, E), for

i = 1, 2, such that t' = <í>,(t¡) + </>2(t2). Set a'¡ = 9,(t/) for i = 1, 2. One has

a' = a'x + ct2 and ô](a',) = 0. Now by 8.2(1) there exists a2 G Hk_x(Ax) so

that w2(a2) = vv^Oj), and since ß^a'^ = 0, one sees by the proof of 8.2(1)

that w3(a2) = 0. It follows that 9 ° ß^o'J = 0, hence that 9 ° ßx(a') = 0, and

finally that 0=9° a(a) = p(a).
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