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SOME NEW CONSTRUCTIONS AND ESTIMATES
IN THE PROBLEM OF LEAST AREA!
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ABSTRACT. Surfaces of least k dimensional area in R” are constructed by
minimization of the n dimensional volume of suitably thickened sets subject
to a homological constraint. Specifically, let 1 < k < n be integers and
B C R” be compact and k — 1 rectifiable. Let G be a compact abelian
group and L be a subgroup of the Cech homology group H; _,(B; G) (in
case k = 1, suppose, additionally, L is contained in the kernel of the usual
augmentation map). J. F. Adams has defined what it means for a compact
set X C R” to span L. Using also a natural notion of what it means for a
compact set to be e-thick, we show that, for each ¢ > 0, there exists an
e-thick set which minimizes n dimensional volume subject to the require-
ment that it span L. Our main result is that as ¢ approaches 0 a subsequence
of the above volume minimizing sets converges in the Hausdorff distance
topology to a set, X, which minimizes k dimensional area subject to the
requirement that it span L. It follows, of course, from the regularity results
of Reifenberg or Almgren that, except for a compact singular set of zero k
dimensional measure, X is a real analytic minimal submanifold of R”.

1. Introduction. Consider a compact k — 1 rectifiable set B C R" (1 < k <
n), a compact abelian group G, and a subgroup L of the Cech homology
group H,_(B; G) (in case k = 1, one supposes, additionally, L is contained
in the kernel of the usual augmentation map). A compact set X C R” is said
to span L if and only if B C X and .{ (L) =0 where { :B— X is the
inclusion map. Typically one seeks a compact set X C R” spanning L such
that

(X ) = inf{IC(Y): Y C R” is compact and spans L};
on the other hand, it is usually considerably easier to find a compact set
X C R” spanning L such that
2 {x: dist(x, X) <e} =inf{£*{y: dist(y, Y) < e}:
Y c R"is compact and spans L}; (»)

here ¢ > 0 and J* and £" denote Hausdorff k dimensional measure on R”
and Lebesgue n dimensional measure, respectively. The following theorem
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312 HAROLD PARKS

relates these two procedures. Let ¢, €, €, . . . > 0 with lim,e; = 0.

THEOREM (1) For each i = 1, 2, 3, ... there exists a compact set X; C R"
which spans L and satisfies (+) with & replaced by ¢,.

(2) For X,, X5, X3, . .. chosen as in (1) there exists a subsequence i(1), i(2),
i(3),... of 1,2,3,... and a compact set X C R" such that liij,.m = X in
the Hausdorff distance topology, X spans L, and

(X)) = inf{IC(Y): Y C R" is compact and spans L}.

It then follows from the regularity results of Reifenberg or Almgren that,
except for a compact singular set of zero J¢* measure, X is a real analytic
minimal submanifold of R”.

The central tool used in proving the above theorem is a correspondence
between e-thick sets and polyhedral complexes (as defined in §5.1) based on
Besicovitch’s covering theorem. Polyhedral complexes, in particular, admit
useful estimates on £{x: dist(x, -) <&} and also admit various intricate
geometric constructions (see, for example, the Isoperimetric Theorem 5.3).

2. Definitions. Except when otherwise stated, we will follow the notation
and terminology of [FH]. Denote by n and k integers with 1 < k < n and by
G a compact, abelian group.

(I)SetR* =R N {#: ¢t > 0}.

(2) For each positive integer m, each a € R™, and each r € R* define the
closed [respectively, open) ball of radius r centered at a, B™(a, r) [respectively,
U™(a, r)], by setting

B"(a,r) =R" N {x:|x —a| <r}
[respectively,
U™(a,r) =R" N{x:|x —a| <r}]
and the sphere of radius r centered at a, S™~ (a, r), by setting
S" Ya,r)=R"N{x:|x—a|l=r};
also, set
Ct[B"(a, r)] = Ct{U™(a, r)] = q,
and for each 4 C R™ and each (closed or open) ball B C R™, say B is
centered in A if and only if Ct(B) € A.
(3) Set
Cp = {C: Cisacompact subsetof R”} and C = G, ~ {J}.
(4) Define the Hausdorff distance d: C X € — R by setting
d(C,, C;) = sup{dist(x, C;): i = land x € C,,
ori=2and x € C,}
for each (C;, C,)) € € X C.
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(5) For each ¢ € R, define c,, ¢,: & — &, by setting
¢(C)=R"Nn {x:dist(x, " ~C) >e} Cc C
and
e(C)=R'N {x:dist(x,C) <e}DC

for each C € G,

(6) For each ¢ € R*, set

C,=CnNn{Ciegsic(C)=C};

the elements of C, are called e-thick sets.

(7) For each positive integer m, each A C R™, and each B C R™ set

AX B={ta+(1—-t)b:a€A4,b€E B0t 1}

and set Cv(A4) equal to the convex hull of 4.

(8) For each positive integer m and each sequence x,, x,, X5, ..., x,, €ER”
set

(Xgy X1y Xy o v v s X

={2 )\ix,.;0<)\,.fori=0,1,2,...,mand§)\,.=1}

and set (x> = {xg}.
(9) For each 4 C R" and each
@ c {U(x,r):x ER",r eR"}
with4 Cc U &, set
N@, 4)= U U {(Ct( Uy), CHU,), CHU), . . ., CHU,,):

m»0

U€eRfori=0,1,2,...,mandA N () U,.;&Q}.

(10) For each x = (x,, x,, X3, . . . , x,) € R" set
m(x) =sup{|x]:i=1,23,...,n}.
(11) Whenever X, A € & with A C X and ¢ is a nonnegative integer, we

denote by H, (X, A) the g dimensional Cech homology group of X relative to
A with coefficients in G (see [ES, IX]). Each continuous mapping

fi(X,4)—>(Y, B),
Y, B € G, B C Y, induces a homomorphism
fu: H(X, 4) > H,(Y, B)
in the usual way. Set H (X) = H (X, &) and let
aug(X ): Hy(X)—> G

be the augmentation map induced by the map from X to the one point space.
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(12) For each B € C and each subgroup L C H,_,(B) we say that X € C
spans L if and only if B Cc X and £ ,(L)=0 where < : B— X is the
inclusion map. Denote by C(B, L) the collection of sets in € which span L
and, for each e € RY, set

p.(B, L) = inf{£" o ¢,(X): X € C(B, L)},
M,(B,L)={X € C(B,L): & ce,(X) = p(B, L)}.

3. An existence theorem.

THEOREM. (1) For each B € C and each subgroup L of H, _(B), which in
case k = 1 satisfies L C ker[aug(B)), C(B, L) is nonempty.

(2) For each r e R*, C N {C: C C B¥0, r)} is compact in the Hausdorff
distance topology.

(3) For each € € R*, ¢|C: C — C, is continuous in the Hausdorff distance
topology .

(4) For each e € R*, £": C, - R™ is continuous in the Hausdorff distance
topology.

(5) For each B € C and each subgroup L of H,_,(B), C(B, L) is a closed
subset of C in the Hausdorff distance topology.

(6) For each ¢ € R, each B € C, and each subgroup L of H,_(B), which
in case k = 1 satisfies L C ker[aug(B)), 9N, (B, L) is nonempty.

Proor. (1) Conclusion (1) follows from [RE, Lemma 2A] applied to
{0} % B.

(2) Conclusion (2) is contained in [FH, 2.10.21].

(3) First, we check that ¢,(C) C C,. Let C € C be arbitrary. We must show
that

e ccl[e(C)] =e(C).

If x € ¢, °cle,(C)), then there is y € c[e,(C)] with |[x — y| <, but, since
y € ¢[e(C)], we have B"(y, €) C ¢,(C), so x € ¢,(C); on the other hand, if
x € ¢,(C), then there is y € C with |[x — y| < ¢, so B*(y, ¢) C ¢,(C) and thus
¥ € ¢le(C)]sox E e, ° ¢[e(C)]

Next, we check the continuity of ¢,|C. Assume C, D € C and b € ¢,(C).
Then there exist ¢ € C and d € D such that |b — ¢| <¢ and |c — d| <
d(C, D). In the line segment bd one can clearly choose e € ¢,(D) with
|b — e| < d(C, D). Similarly, for each ¢’ € e,(D) there exists b’ € ¢,(C) with
|b" — €’| < d(C, D). Thus we have

d[e,(C),e,(D)] < d(C, D).

(4) Assume C € C, and let 0 <A < 1 be arbitrary. Set r, =A'/? and
T, = 27'r,. Choose an integer m such that 37_(t,/2)' > 2A'/3, 7, such that
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T, <73 < 27! and 6, € R* such that for each (p, g) € R” X R", with |p —
q| = ¢, and each 0 < ¢ < g, one has

£[B"(p, 0) N B'(q, )] > mya(n)o”.

Set

U*r=0"0,1)n {x: x-e, >0}
and

U =U0"0,1)nN {x:x-e, <0}.
By [FH, 2.8.15] there exists a finite disjointed family F of closed balls
contained in U * such that

E(UF) > 72U
Set @ = inf{27'diam S: § € F}; note thata < 27",
Since C = ¢, ° ¢,(C), by [FH, 3.2.34], one has

£°(C) < £7[¢,(C)] + lim f' 901{ x: dist[ x, ¢,(C)] = s} dE!
0

= [, (C)] +f0‘ I x: dist[ x, ¢,(C)] = 5}dE!

= £"(Int C) < £7(C).
Thus £7(C) = £"(Int C) and, applying [FH, 2.8.15], one obtains a finite
disjointed family, G, of closed balls contained in Int C of radius less than o,
such that
£(U Gy) > ,£%(C).

Set B, = inf{27 'diam S: S € G,}. Choose §, € R* such that for each p €
R", each ¢ € R”, each ¢ with a8, < 0 < 6, and each § with 0 < § < §,: If
|p — q] = ¢ + &, then

Bn[Bn(p’ 0) N B"(q’ 8)] > 1'2(!()1)0’".

Now, fix D € @, with d(C, D) < §,. We will construct inductively certain
families, G;, of closed balls contained in Int C and certain Borel subsets, E(i),
of D NInt C,for0 <i <m + 1, such that

(a) G, is disjointed;

(b)if S € G, and r = 27 'diam S, then a’B, < r < ay;

(©)if 1 <i <m+ 1, then

UG CcUG_, and £(UG) > ,2"(UG,_));
(d) E(0) = andif 1 <i <m + 1, then
E(i))c UG,_;~ UG; and E£YE(i)) > ,L"(UG,_)).

Suppose G; and E(i) have been constructed and 0 < i < m. Foreach § € G,,
because Ct(S) € C, D € C,, d(C, D) < §,, and
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a™B, < 27 'diam S < o,

there exists an isometry hg of R” so that
hs o p,[B"(0,1)] =8 and £'(Eg) > ra(n)r”,

where

Eg=hsop(UT)N D
and r = 27 'diam S. Set

E(i+1)= U{Es: S € G}
and
Go=U{{hsop(T):TEF}: S EG}
One sees easily that (a)«(d) above are satisfied. Since, in particular, the sets
E(i) are pairwise disjoint, one has
P(D N Int C) > '"EH PR(EG)) > 1, io (%)'B"(u Go)

Ty

> P(C)rry S (7) > ALY(C).
i=0
The above shows that if C,, C,, C,,... €C, with lim;C; = C in the
Hausdorff distance topology, then
£°(C) < liminf £*(C)).
Since £"(C) = lim,_,,, £" ° ¢,(C) and d(C, C) < ¢ implies C, C ¢,(C), one
sees that
£*(C) > lim sup £*(C,).
(5) Assume C € C and C,, C,, Cs, ... EC(B, L) with lim, C; = C in the
Hausdorff distance topology. One checks that, forj =1,2,3, ...,
p=culU gec

i>j

and notes, by [RE, Lemma 7A], that D; € C(B, L). Also one has
D,ODD,DD;D--- and () D;=C,
J

so it follows from [RE, Lemma 21A] that C € C(B, L).
(6) Select Y € C(B, L) with £ o ¢,(Y) < 2p,(B, L), which by (1) we can
do. Then there exists an integer i with
1<i<1+2a(n) ‘e (B, L)
such that
Y NS0, r+2e)=0.
where r = d({0}, B).
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By a direct sum theorem for Cech homology (see [ES, I, 13.2 and X]) one
has

Y nB*(0, r + 2&i) € C(B, L).
Conclusion (6) now follows from (2)—(5).

4. The one dimensional case.

4.1. LEMMA. Assume m is a positive integer y € R*, {C, C,, C,, C5, . .. } C
C, {e(1), e(2), €(3), . . . } C R* with lim, (i) = 0, {8(1), 8(2), 8(3), . .. } C R*
U {0} with lim, 8(/) = 0, and that, for each i = 1, 2, 3, . . ., C, consists of no
more than m connected components and 6(i) = d(C, C,).

(1) There are no more than m connected components in C.

(2) If one has

£ o ei(C) < y[e(i)]"
fori=1,2,3,..., then I'(C) is finite and C is 1-rectifiable.
(3) If ] (C) is finite, then one has

IC(C) < lim inf £ o e,;(Cla(n — 1)~ "e(i)' "
i (i)

ProOF. (1) Conclusion (1) is clear.

(2) By [FH, 2.8.14] there exists a positive integer b such that, for eachi = 1,
2,3, ..., there exist disjointed families, F,, F,, F;, . .., F,, of closed balls of
radius &(i) centered in C; so that C; C U (U,F). The hypothesis of (2)
implies

card(F;) < ya(n) " 'e(i)”,
forj=1,23,...,b. Set L, equal to the union of all the line segments the
endpoints of which are the centers of a pair of intersecting balls in U ;F;. One
observes that

KL, < 2 3b>a(n)”"
because, for each r € R*, each closed ball in R” of radius r intersects no
more than 3” disjointed balls of radius r. Observe also that each L; consists of
no more than m connected components, L;,, L;,, L;s, ..., L; ., and that
the L, converge to C in the Hausdorff distance topology.

Set

K=U {2 <t<2+1)}.
j=1
Fori=1,2,3... andj = 1,2,3,..., m(i), by [EH, Theorem 2] there exists
afunction f;: {1: 2/ <t <2j+ 1} >R"withf, ({: 2 <t <2/ + 1}) = L
and Lip(f;;) < 23C'(L;;). We then define f;: K — R" by setting
() =f(0), ifj=123,..., m(i)and2j <t <2j + 1,
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and
£i(8) = fipni(2m(i) + D, if2m@()+1<z¢.
We have
f.(K) =L
and

Lip(f;) < sup{diam L;} U {29((L;,):j = 1,2,3,..., m(i)}
< sup{diam L, 23((L,)}.

The above estimate for I('(L;) gives a uniform bound for Lip(f). Since
U;L; U C is compact, we see that a subsequence of f,, f,, f5, ... converges
to a Lipschitzian function f. It is clear then that f(K) = C.

(3) By (1) and [EH, Theorem 2], C is l-rectifiable. Let C’ be the set of
¢ € C such that ®'(I'LC, c) =1 and Tan!(3C'LC, c) is a 1 dimensional
vectorsubspace of R”. By [FH, 3.2.19] we have 3C'(C) = 3('(C").

Let 0 < 0 < 37! be arbitrary. We will show that for each ¢ € C’ there
exists ro(c) > 0so that if 0 < r < ry(c), then

lim inf £"[ e,,,(C,) N B"(c, r)Ja(n — 1)~ 'e(i)' ™"
>2(2+67'%)7'(1 - 20 — 369" [C' N B(c, 1)] (#)
holds. Once this is established, conclusion (3) is obtained as follows: By [FH,
2.8.15], we can find a disjointed family of closed balls, {B"(c;, r;): j = 1, 2,
3,...),suchthatc € C',0 <r;, <ryc),forj=1,2,3,..., and
‘JC‘[C' n U B, r,-)] = I(C);
J
then we have
lim inf " o e,;)(C)a(n — 1)~ 'e(i)' ™"
> lim inf Pf[e,(,.,(c,.) nU B, rj)]a(n — 1)ty "
! J
= lim inf B"[e,(,-)(C,-) N B"(c;, rj)]a(n - D7 (i)' "
' J
> > lim inf 27 e,;(C) N B (¢, r;) Ja(n — ) le(i)' "
j 1

>22+67'0)7'(1 -20-30%)"23F I'[C' N B¢, )]
J

=22+ 67 %) "' = 20 — 36%)'2KN(C).
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Now, fix ¢ € C’. To simplify the notation we suppose ¢ = 0 and that

Tan'(IC'LC, ¢) is spanned by e,. Set
C” = C ~ {x: {x} is a connected component of C },

r, =dist(C”,C ~ C”"),

r, = inf{27'diam K: K is a connected component of C"}.
Note that C’ ¢ C”,and if x € C” and 0 < r < r,, then, by [FH, 2.10.12],

X [C nB(x,r)] >r.
It is clear that we can pick r; > 0 so that 0 < r < r; implies
K[C' NnB0,r)] <2+ 6 o)

and
IC[C’ N B0, 7r) N {x:|a(x)| < 2+ 0) lor}] > 2 =67 o)r,
where q: R” > R" ! is defined by
q(x X9 X35 - < 25 X,) = (Xp X35 - « o1y X,,)-
Set
ry = inf{rl, 2r, 07 2r(1 + o)_l}.
We claim that if 0 < r < r,, then
CNBO,r)Nn {x:|q(x)| >or} = 2.
To see this, suppose on the contrary that
x € CnNnB0,r)n {x:|q(x)| >or}.
Since r < r,, we have x € C”, and thus, since 27 'or < r,,
I [C' N B (x,27or)] > 27 or.
Also, we have
B"(x,27'%r) c B"[0,27 72 + o) ] N {x: |q(x)| > 27 "or}.
It follows, since 27 'r(2 + a) < r,, that
E}C'[C’ N B"(0,27 (2 + o))] >27%r+(2-6"'9)27"2 + o)

and
‘JC‘[C’ N B*0,27'r(2 + o))] <2+ 67%)27 (2 + 0),

which is a contradiction.

Next we note, using the fact that Tan'(JC'LC, 0) is the vector space

spanned by e,, that there is 0 < ry < r, so thatif 0 <r < ryand

- r(l - )" <t <r(l = 6»)'?,
then
CNBO,rN{x:x-e,=t}#3.
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Now fix 0 <r <r, Consider a positive integer i such that 8(i) < or and
&(i) < or. Set
a=r(l-20—30)"2
We claim that if
—a<ty <K <a, t, — t; > 28(i),

GNB'O,(1—-o)r)Nn{x:x-e=1}=6,
and

CGNBO,(1-0o)r)Nn{x:x-e=8}=J

hold, then B*(©0, (1 — o)r) N {x: t; < x- e, <t} will contain a connected
component of C;. To see this, it will suffice to show

NS 'O (1—-o)r)Nn{x:—a<x-e<a})=0
and
CNB'O,(1-0o)r)Nn{x:t;<x-e <t,} #&.
Suppose
x€GNSN0,(1-0))Nn {x: —a<x-e <a},
then |q(x)| > 2or. Also, there is x’ € C N B"(x, 8(i)), so
x' € CNB0,r) N {x:|q(x)| >or},
a contradiction. On the other hand, there does exist
weCn{x:|qgx) <or,x-e =27'(t, + 1,)}
and, thus,
w € C, N BY(w, 8(i)).
One notes then that
[w]|< (1 —96)r and ¢, <w -e <t,.
It follows from the above that
[ eun(C) N B0, ) ]aln — 1) e(i)' "
> 2(1 — 20 — 36)"%r — 2(m + 1)8(i),
and hence we have (#).

4.2. THEOREM. Assume B C R" is finite, L C Hy(B) N ker[aug(B)] is a
subgroup, {e(1), €(2), €(3), . .. } C R™ with lim,e(i) = 0,and {C, C, G5, . . . }
C C with C; € IM,,(B, L) for eachi = 1,2,3, . ...

(1) Foreachi =1,2,3, ..., there exists C/ C C; such that C] € C(B, L),
e (C)) = e, (C), and each connected component of C/ contains a point of B.



THE PROBLEM OF LEAST AREA 321

(2) For eachi = 1,2,3,..., one has
£" o e,;)(C;) < diam(B)- card(B) - a(n — De(i)" ™!
+card(B) - a(n)e(i)".
(3) There exists r € R* such that C; C B(0, r) for eachi = 1,2,3, . ...
(4) There exist C € C, which is 1-rectifiable, and a subsequence i(1), i(2),
i(3),... of 1,2,3,... so that C;, converges to C in the Hausdorff distance

topology as j — co.
(5) For each C as in (4), one has C € C(B, L) and

IN(C) =inf{I(X): X € C(B, L)} < oo.

PrROOR (1) One sets C; equal to the union of all connected components of
C; which contain a point of B. Conclusion (1) then follows from a direct sum
theorem for Cech homology (see [ES, I, 13.2 and X] and [RE, Lemma 21A)).

(2) Conclusion (2) follows from [RE, Lemma 2A], applied as in the proof of
3(1), and an obvious estimate.

(3) Conclusion (3) follows from the construction in the proof of 3(6) where
we use (2) to bound p, (B, L).

(4) 1t follows from (3) and 3(2) that a subsequence Cy;), Cip Cizps - - -
converges to C. One notes also that C;, converges to C in the Hausdorff
distance topology, so (2) and 4.1(2) imply that C is 1-rectifiable.

(5) Let C be as in (4), then C € C(B, L) by 3(5). Suppose X € C(B, L)
with JC'(X) < 0. As in the proof of (1), one sees that there exists ¥ C X
with ¥ € C(B, L) such that Y has finitely many connected components. By
[EH, Theorem 2] and [FH, 3.2.39], one sees that

IHN(Y) = lil’(l)'l+ £ oe(Y)a(n — 1) 'el "
By (1) and 4.1(3), since C/ € 9M,,(B, L), one concludes
IM(C) < IN(Y) < H'(X).

S. Polyhedral complexes.

5.1. DEFINITIONS. (1) A O polyhedron is a point of R”; for each integer
m > 1, an m polyhedron is a bounded, relatively open, nonempty subset of an
m dimensional affine subspace of R” the boundary of which is the closure of
the union of finitely many m — 1 polyhedra.

(2) For each nonnegative integer m, an m polyhedral complex is a subset, P,
of R” together with a decomposition of P into a finite union of 0, 1,2, ..., m
polyhedra such that for each / =1, 2, 3,..., m the boundary of each /
polyhedron of the decomposition is contained in the union of the 0, 1,
2,...,1 — 1 polyhedra of the decomposition; for / =0, 1,2, ..., m, denote
by P, the union of the 0, 1, 2, . . ., / polyhedra of the decomposition and set
P'(P) = IC(P); for each integer / < 0 or / > m set P, = & and 9/(P) = 0.
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5.2. Notation. In 5.3 we will use the following notation. For each ¢ € R,
set

K(0,2,¢) =sup{2¢~'n'/%,1} and K(n, m,c)=2n'/?

whenever m = 3,4,5,...,n. Foreachc € R*,eachm = 3,4,5,. .., n,and
each/=n—-1,n-2,n—-3,...,0,set
K(l,m, c) = w[1 + 2(u + 1)(m + 1)?20+/2]
where
u= K(O, m— 1, [(m + 1)2("+2)/2c1—m]—1/(m—-2))
and

w= K(l +1,m, c[u(m + 1)20+2/2 4 l]_l/(m—])).
Finally, foreachc € R* andeachm = 2,3,4, ..., n, set
K(m, ¢) = K(0, m, ¢).
5.3. THEOREM. (1) For each m polyhedral complex P (0 < m < n) and each
e €ERY,

£*oe(P) < 2 P(P)a(n — i)e" "

(2) For each ¢ € R*, each 1 polyhedral complex A, and each d € R* with
d > c%(A),
there exists a 2 polyhedral complex P with
P € C[4,H\(A)], P CCv(4)N eypd),

and, for each integer i,

P(P)<KQ2,c) D P (4)d~.

Jj> -1
(3) Let I and m be integers with 0 < | < n and 3 < m < n. Fix a family
{11, IL,, 115, . . ., I1,} of pairwise orthogonal n — 1 dimensional affine subspa-

ces of R". For each ¢ € R*, each m — 1 polyhedral complex A, and each
d € R* with

d > [P 1(a)] """
and such that
dist(a, I1,) < 4,

for each i =1, 2, 3,..., | and each a € A, there exists an m polyhedral
complex P with

P € G[A’ Hm*l(A)]’ P C CV(A) N edK(l,m,c)(A)’
and, for each integer i,

P(P) < K(,m,c) X ‘ Pri(4)d .
j2> -
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(4) For each m=2, 3, 4,...,n, each c € R*, each m — 1 polyhedral
complex A, and each d € R* with
d > c[9"1(4)]V ",
there exists an m polyhedral complex P with
P €C[A4,H, (4)], P CCv(A) N eximcy(A),

and, for each integer i,

P(P) < K(m, c)j>2_. P+i(A)d .

PrOOF. (1) Conclusion (1) is clear.

(2) Let A be a nonempty 1 polyhedral complex. Let {II,, IL,, IL,, ..., II,}
be a family of pairwise orthogonal n — 1 dimemsional affine subspaces of R".
Foreachi=1,2,3,...,n choose v, € S" (0, 1) perpendicular to I, and,
for each 0 < s < 2¢~'d, set

(s) = {x+ (s + 2Ac " 'd)v: x €I, A € Z}.
Foreachi =1,2,3,..., n, by [FH, 2.10.11] one has

-1

2¢-'d
[ 79004 n T(s)] de) < H(4) = F'(4),
()
so one can choose 0 < s; < 2¢~'d such that 4 N II,(s;) = &. One sees that,
for some integer r,
A=A U AR) U AB)U - - - UA(r)

where, for eachi = 1,2,3,...,r, A(i) # D is a 1 polyhedral complex, there
is an open cube C(i) with side length 2¢~'d such that A(i) ¢ C(i), and,
further, the family {C(i)},_,,5 .., is disjointed. Foreachi =1,2,3,...,r

choose x; € A(i),. One can make {x;} X A(i) a 2 polyhedral complex such
that

P[{x} % AH)] <n'c"dP'[AG)],
P {x} % AG)] < 2n‘/2c"d@°[A(i)] + @'[A(i)],
and
P {x} % A)] = F°[4()].
Set

pP= U [{x) % 4()]
and note that P can be made a 2 polyhedral complex such that
PHP) < n'/%"'dPY(A) < K(2, ¢)P'(A)d,

PUP) < 2n"/2%1dFYA) + F(4) < K(2, o)[FA(4)d + 9'(4)],
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and
PP) = P(A4) < K(2, c)P°(A).
By [RE, Lemma 3A), P € C[4, H,(A)] and it is clear that
P C Cv(4) N egx,e)(4)

(3) First we consider (3) in the case / = n. Let A be a nonempty m — 1
polyhedral complex. Set {y} = N ,II; and choose x € 4, Notice 4 C
B"(y, n'/’d) so A c B"(x, 2n'/?%d). Set P = {x} % A and notice that P can
be made an m polyhedral complex such that for each integer i > 0,

P(P) < 2nV/H7 1P~ (A)d + F(A)
< K(n,m,c)[P~(4)d + F(4)]
and
P(P) = P%4) < K(n, m, c)P(4).
By [RE, Lemma 2A], the conclusion of (3) follows in case / = n.
Set

N={2,0}u{(m!1)3<m<n0<I!<n}
and define the relation < on N by setting (m’, I’) < (m, I) if and only if

(@m <m,or

(b)ym=mand !’ > 1.

The set N is well ordered by < and (2, 0) is the smallest element. Say that
(m,!) € N’ if (m,1) € N and the conclusion of (3) holds for that pair of
integers. By (2) we have (2,0) € N’ and, by the preceding paragraph,
(m,n) € N foreachm = 3,4, 5, ..., n We will prove (3) by induction: Fix
(m, 1) € N and suppose (m’,l’) € N’ for each (m’, ') < (m, ). We must
show (m, /) € N'. We may assume 3 < mand/ < n — 1.

Let A be a nonempty m — 1 polyhedral complex. Let II be an n — 1
dimensional affine subspace of R” perpendicular to II,, IT,, IL,, ..., and II,
and choose v € S" (0, 1) perpendicular to II. Set

I(s) = {x + (s + Md)o: x EIL A € Z}.
By [FH, 2.10.25 and 3.2.13] one has

fd 1[4, N TI(s)] dE} < 20 +D/29i(4)
0

(one uses the fact
a(r + 2)a(r + 3)7 ' = [(r +3)(r + 2)_l]a(r)a(r + 17!
< 2a(r)a(r + 17!

for r € R*), so one can choose 0 < s, < d such that no polyhedron of A4 is
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contained in Il(sy) and
I-'A4, NT(se)] < (m + 1)20+D/29i(4)d ~}
fori=1,2,3,..., m — 1. For each integer r, set
D(r)y=A4n {x+ (s + rd)v: x €I}.
Notice that D(r) can be made an m — 2 polyhedral complex with
d > [(m + l)2(n+2)/ZCl—m]—l/(m‘z){@m—Z[D(r)]}1/(’"_2).

Notice also that D(r) = < for all but finitely many r € Z.
By the induction hypothesis ((m — 1, 0) € N”), for each integer r, there
exists an m — 1 polyhedral complex B(r) such that

B(r) € C{D(r), H,_,[ D(r)]},
B(r) cCv[D(r)] n ew[ D(r)],
and, for each integer i,

P[B(r)] < "_2 P*[D(r)]d~,

j>—1
where
u=K(0,m— 1, [(m + 1)20*+D/21-m] =1/ (n=D),
For each integer r set
A(ry=B(r)UB(r+1Hu 4
N{x+[so+ (r+)dlo:x €IL0<t < 1};

notice that each point of A(r) lies within d of / + 1 pairwise orthogonal n — 1
dimensional affine subspaces of R” and that A(r) can be made an m — 1
polyhedral complex with

P"A(r)] < P"T[B(r)] + P [B(r + )] + PN (A4)
<[u(m + 1)20+2/2 + 1]Pm~1(4).

By the induction hypothesis ((m, / + 1) € N’), for each integer r, there exists
P(r) an m polyhedral complex such that

P(r) € G{A(r), Hm_l[A(r)]},
P(r) Cc Cv[A(r)] N eg[A(n)],
and, for each integer /,

P[P(r)] < w > PH[A(r)]d 7,

Jj»—1
where

w=K(I+ 1, m, c[u(m + )20+2/2 4 1]77/"7D),
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Set P = U ,P(r). Notice that by [RE, Lemma 13A] P € C[A4, H,,_,(4)}, and
that P C Cv(4) N ey, 4,(A4). We can make P a polyhedral complex such
that for each integer i,

F(P) =32 PPN <wE 3 FIA(N]d

<w 3 {9 + 23 #V[B()] + 23 F[D(r)]}d~

j> -1

<w 3 {@‘*f(A) +uy 8 FIHD())dH

Jj>» -1
+23 @‘”[D(r)]}d‘f

<w S PH(4)d~

Jj»—1

+2uw(m + 1)20+2/2 N Pitith+l(g)g-imh-]
Jj>—1 h> -1

+2w(m + 1)20+D/2 % Pititl(4)g I}
j> -1

< w1+ 2(u + 1)(m + 1)20+272] 21 Piti(4)d 7,
Jj> -
which proves (3).
(4) Conclusion (4) is a special case of (3).
5.4. Preliminaries. (1) Set A = R" N {x: m(x) < 1}.
2)Fix8 € R*.Foreachm € {0, 1,2, ..., n}, o,, will be as in [FH, 4.2.6],
and, for each a € A, we set

Y(m,a)=1,°0,°7

\It(m’ a, 0) = ° \I'(m» a) ° Hy/6-
(3) Let P be a kK — 1 polyhedral complex. For £" almost every a € A we
have
T (P)NW,_ =& and 7_,°p,(P)N W, =0,
so ¥(k — 1, a) and ¥(k — 1, a, #) are defined on P. Restricting our attention
to such a € A, we set

H(P,a) = L=Jk {t¥(m, a)(x) + (1 — £)¥(m — 1, a)(x):

0<t<1L,x€P}
and

n

H(P,a,0)=J {t¥(m,a,0)x)+ (1 - 0)¥(m—1,a,0)x):

m=k

0<r<l,x€E P}
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We would like to pick a decomposition of P so that if L is an / polyhedron
of the decomposition, then ¥(m, a)(L) is again an / polyhedron (m = k — 1,
k, k +1,...,n). Then H(P, a) can be made a k polyhedral complex and
estimates for [ H(P, a)] can be proved. To do this, the decomposition of P
will have to depend on the choice of a € A. Thus we are lead to formulate
the following definitions.

(4) Let r be an integer, 0 < r < n — 1. Let II be a family of » dimensional
affine subspaces of R”; IT will be called an affine r family if the elements of IT
are parallel to each other and only finitely many elements of II intersect any
compact subset of R”. Finally, {J} will be the only affine (— 1) family.

(5) Let P C R" be an m polyhedral complex and let II be an affine r
family. Define the m polyhedral complex P * II by letting the / polyhedra of
the decomposition of P * II consist of

(a) the connected components of L N (R” ~ U II) where L is an / polyhe-
dron of the decomposition of P (each component is to be taken as a separate
polyhedron),

(b) L N II where II € I1, L is a polyhedron of the decomposition of P, and
L n Il is / dimensional.

(6) If I1, is an affine r, family and I, is an affine r, family, then IT, A II,
will denote {II; N II,: II; € II, and II, € II,}. We note that I} A II, is an
affine r; family for some ry < inf{r,, r,} and that if P is an m polyhedral
complex, then, for each integer /,

[(P+IL) + L], [P +TL], U[P+IL], U[P+(IL AIL)],
(7) For each integer r with 0 < r <n — 1, let F, be the collection of r

dimensional affine subspaces each of which contains » + 1 affinely indepen-
dent points of A N Z", set

F,={r,(II):z€Z,I1€ F},

and set F = U 72} F,. Now, we can write
F=IMvullullu --- UIL,

where II; is an affine r;, family (0 < r < n — 1) for each i and the II; are

pairwise disjoint. Let IT,, II,, I, . . . , II, be an enumeration of

{H,A(l) /\ H;‘(z) /\ H;\(:;) /\ DR /\H;\(j): 1 < j < S,, A E A(S',j)}.
(8) Let P be a k — 1 polyhedral complex. For each a € A, set
P=r[(...(r_(P)+I)«M) « ...)+IL];

P’ is P with a new decomposition, and if L is an / polyhedron of P’, then
Y¥(m, a)(L) is an ! polyhedron for m=k — 1, k, k + 1, ..., n (provided
7_,(P) N W,_, = ). Thus H(P, a) = H(P’, a) can be made a k polyhedral
complex for £7 almost every a € A.
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5.5. THEOREM. (1) If V is an r dimensional linear subspace of R", then there is
A € A(n, r) so that p, (see [FH, 1.7.4)) is one-to-one when restricted to V and

el V)~ el < ()
holds fori = 1,2,3,...,r.
(2) There exists y € R* such that if P is a k — 1 polyhedral complex, then
one has

k=1
[/ (we—) " dIC dEs <y T F(P)
AY(7,(P) + IL), i=1
Jor0<I<k—1landl < j <s; herew,_, is as in [FH, 4.2.6].
(3) There exists y(n, k) € R* such that, for each k — 1 polyhedral complex
P,
(a) H(P, a) can be made a k polyhedral complex so as to satisfy
k=1

[A P+ H(P, a)] dE; < y(n, k) El Pi(P),
(b) for each 0 < & < 1 one has
fA e o e[ H(p, a)] dE] < 6(k + Dy(n, k)X F(P)e"~""",
(c) for each 0 < € < @ one has

f £ o ez[H(P9 a, 0)] dB: < 6(k + l)y(n’ k)oz @i(P)en—i—l.
A i

Proor. (1) Let v,, v,, v5, . . ., v, be an orthonormal basis for V. Write
Vi= (01003 50,)
fori=1,2,3,...,r. By the Lagrange identity (see [BR, p. 49, Theorem 1)),

we see there is A € A(n, r) so that

Idet[ (o ey )l > (7)

Define f: R — V by setting f(e;)) = v, fori =1, 2, 3,..., r. Then we have
|det(p,, ° f)| > (*)"! and |p, ° f(x)| < |x] for all x €R". It follows that, for
x €R,

-1

x| gy © f(x)] > [det(py o £)] > (%),

which implies conclusion (1), since (p,|V) ™' = fo (p, ° )L

(2) Fix a k — 1 polyhedral complex P and integers /,j with0 < / < k — 1,
1<j<s.

Let L be an / polyhedron of P. Using [FH, 4.2.7(1)], we have
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NI (1) ™' 49 aE
A Jr_(L)n(RP~UIL)

< j; f‘r_,(L) (uk—l)_ldgcl dB: < j; j;—a(L) (uk—|)l_k PR dBZ

=[ [ Geien ) asag <2(, 1)),

To proceed with the proof we must consider the following situation: Let V'
be an r dimensional linear subspace of R” where r > n + I + 1 — k, let I be
a translate of ¥, and let X be an (IC, /) rectifiable Suslin set contained in IT.
Suppose also that p: R” — R” defined by

P(xys X3 X35 - - o5 X,) = (X}, Xp5 X3, . . ., X,)

is one-to-one when restricted to ¥ and

¢> 1L 1e17) 7).
We have

¢ >[apJ,(p|V)(v)]”', forveEV,
and

¢ >[ap J;(p|X )(x)]~', for 3 almostall x € X.

Set m = k + r — n — 1. Let u, be defined as u,, is in [FH, 4.2.6] but with n
replaced by r. Using [FH, 3.2.22] and the fact that u,_,(x) > u,, ° p(x), we
obtain

1et_y) ' dI0 dIC
anB"(O,\/;)’/:\’(uk 1°7T v) v

<c2f

‘or_ ) ' dIC dIC,.
p[V NB*(0,Vn)] j;(,\')(u"' ™) %

Now using [FH, 4.2.7(1)], we have

[

[ (o) dIC 4%,
p[V nB"(0,Vn)] “p(X)

< [ (o)™ d% a5,
p[ ¥ nB*(0,Vn)] Jp(X)

" ror_ ) "dX d
<eavf e %6,
< (n+1y2( })30(X).
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Thus we conclude
-1
U_,°7_,)  dIC dIC,
anB"(o,\/Z) j:\'( kol )

<eXn+ 1)rzr(k +r : n— I)SCI(X)'

Let L be an /" polyhedron of P and suppose I, is an affine r family. Fix
IT € I1,. Let V be the r dimensional linear subspace of R" parallel to IT and
let W be the orthogonal complement of V. If I’ + r — n < 0, then 7_ (L) N
II = & for £" almost every a € A. If I’ + r — n > 0 then, for £” almost
everya € A, eitherr_ ()N I =P orr_,(LYyNn Ilisan !’ + r — n polyhe-
dron. We are trying to estimate the integral of (1, _,)~/ over the / polyhedra
of 1_,(P) » IL, thus only r such that / = /" + r — n are of interest. So we
assumer =n+/— /'andnoticen+ 7/ —10'"2n+1+1— k.

Both sides of the inequality in (2) are invariant under a linear isometry of
R” which permutes the standard basis vectors. So, by (1), we may assume that
p; as above, is one-to-one when restricted to the V" of the preceding paragraph
and we may take

c=(7)-

Then, by the above and [FH, 2.10.25], we have

fA '[r_a(L)nH (1) ™" 4 dE;

< (- °T—u)_1d%l diC, d3C "

W AB"(0,Vn) anB"(o,\/E) ’[_W(L)ﬂn

<) er2(e,, D, )

f IC[+_,(L) N 11] dIC"
W B0, Vn)

<(") (n+1y (44,0 0= 1 )aDatn = el

9L N U -rw(n)].

weWNB'(0,Vn)

Now, define an equivalence relation on II; by
II, =~ I, if and only if II, = 7,11, for some z € Z.

Then I, consists of finitely many, say c;, equivalence classes. It follows that

fA ff_,,mnn, (up_,)" ' dIC der

<(B)n+02( 4,0, - )aDeatn— a@)!

-; card{z € Z:: |z| < 2Vn }IC'(L).
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Conclusion (2) now follows.

(3a) We use the decomposition of H(P, a) indicated in 5.4(8). Assuming
that r_ (P) N W,_, = &, we see that any / + 1 polyhedron is either of the
form

(i) ¥(m, a)(L), for some m =n,n—1,n—2,...,k—1and some/+ 1
polyhedron L of P’ (here 0 < / + 1 < k — 1), or of the form

@) {(t¥(m,a)(x)+ (1 — O)¥(m — 1,a)(x): 0<t <1, x €L}, for some
m=nn—1n-—2,...,k and some / polyhedron L of P’ (here 1 </ + 1
< k).

Now, we have, forn >m > k — 1,

I+ [¥(m, a)(L)] < f || Do, [|'+! dIC+!
T_4(L)

< (1 + m)1+1f 5 (um)_(1+l) dtJCl+l

T-a

<1+ m)’“f

T_a(

where we have used [FH, 4.2.6]. Next, notice that
I {e¥(m, a)(x) + (1 — )¥(m — L,a)(x): 0<t < L, x € L}]

<+ 1) "-n2. IC[¥(m — 1,a)(L)]

(“k l)—(l+1) d%“'l,
Ly

<+ 1)_l-n'/2-m1f (up_,) " d0C,
T_o(L)

where we have used the preceding observation with / + 1 replaced by / and m
replaced by m — 1. So, by (2), we have

fA P+ H(P, a)] d2;

< 3 (1+m)’+‘f ()0 430+ aen

A Y7 4(Piy1)

m=k—1

n
+ > U+ 1)_l-n‘/2-m’ff (4p_,) "' dIC de2
A Jr_o(p)

m=k

<n(n+ DY f f (4_ )~V dIC+ a2
A Y o (P)sT0),, i

Jj=1

+n@k+D/2 Y ff (up_,) ' dIC a2
AJr_u(P)o I,

j=1
k=1 k=1
<nn+ D)lsoy D P(P)+n®ID2.5.4 T Pi(P)
i=T+1 i=1

k—1
<[n(n + F7 4 n@*02] 5.y T Gi(P),

i=]
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where we have also used

s s
Pl,,cU (P+1), , and P/c U (P+II),

J=1 j=1
(3b) By 5.3(1), (3a) above, and the fact that a(i) < 6 for each positive
integer 7, one has

k—1
fB" o [H(P,a)]df: < 6 3 e"-'-'f P+ H(P, a)] dL;
A A

1==1
k=1 k=1
<6 X y(n k)Tt Y P(P)
=1 i=r

k=1 k=1 o
< 6y(n, k)IE 21 e"iT1Pi(p)

=-—] im

< 6(k + 1)y(n, k)X F'(P)em~i~1.

(3c) Conclusion (3c) follows from (3b) since Q = p, /o(P) is a k-1

polyhedral complex with
P(Q) =0~'F(P),
fori=0,1,2,...,k —1,and
e[H(p,a,0)] =py°e, H(Q a)

6. Lower bound on density.

6.1. Preliminaries. For use in 6.2 we assume

Dk >2

(2) B € C and L C H,_,(B) is a subgroup,

(3) {&(1), €(2), &(3), . . . } C R* with lim,e(i) = O,

4 C, € M, (B, L)foreachi=1,2,3,....
Fori=1,2,3,..., define the measure §, over R” by setting

$(4) =[a(n — K)e(i)"*]7"- [ eu(C) N 4]
for each A C R” and the function
I: R* X R* >R
by setting
L(x,r) =[a(n - k)s(i)"_k]_l- I e (C) N S N(x, r)].

6.2. THEOREM. There exists T'; € R*, which does not depend on B, L, {e(i)},
or { C;}, such that the following hold:

(1) Foreachi =1,2,3,..., ifx ER" andr > e()withB(x,) N B=C
and C; N U'(x, r) # O, then one has

$.[B(x, )] < T[4(x, N]Y*.
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Q) Foreachi =1,2,3,..., ifx € C,andr > e(i) withB"(x,r) N B =,
then one has

%IB (x, r)] > k7T ¥ [ r — s(i)]k.
(3) If B is k — 1 rectifiable, then one has
lim sup ¢,(R*) < k~!'-diam(B)- 3*~'(B).

(4) If B is k — 1 rectifiable, then there exists a subsequence i(l), i(2),
i(3),... of 1,2,3,..., a compact set C C R", and a Radon measure § over
R" with compact support such that lim;C,, = C in the Hausdorff distance
topology and & is the weak limit of 3:‘(1) as j — oo. For any such subsequence,
C c R”, and measure § one has

(@) C € C(B, L),
®ifxe C,reR*, withB'(x,r) N B =, then

$[B*(x,r)] » k= T}k,

©C~BcCcsp(§)cC,
() I(C) < .

PrOOF. (1) By [FH, 2.8.14] there exists a positive integer b such that for
each triple (i, x, r) as in (1) there exist disjointed families, F|, F,, F;, ..., F,
of closed balls of radius 2~ '&(i) centered in C, N S"~!(x, r) so that

G NS (xr)c u( U F,).
It is clear that there exists ¢ € R* such that for ::ach y €S (x, r),
I 1[8" (x, ) N By, 27'e(i)) ] > ce(i)" "
Hence, setting ¥ = U ;F; and I = [(x, r), one sees that
card(%) < a(n — k)bc (i)' 7.

Choose a collection of open balls, §, such that there is a one-to-one and onto
function f: ¥ —» § with f[B"(y, 27 'e(i))] = U"(y, s) for some 27 (i) < s <
€(i) and

f[B"(y, 2_'5(1'))] N f[B"(z, 27%(i)) | = &
if and only if
B"(y,27'e(i)) N B"(a,27'e(i)) = &

whenever [B"(y, 27 'e(i)), B*(z, 27 '€(i))] € § X F. For each D € § one sees,
as in the proof of 4.1(2), that

card{E: E € §,D n E # J} < 3".
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Notice that N[§, C; n S"~!(x, )] can obviously be considered as a polyhe-
dral complex and set

A=N[§,CnsS"'(x,n],_,
Observe that, forj =0,1,2, ...,k — 1,

Pi(A) < a(j)(3b) 'a(n — k)b~ - (i)Y' X,
s0, in particular,
ll/(k—l) > [a(k _ 1)(3nb)k—1a(n _ k)bc_l]—l/(k-—l)

.[@k—l(A)]l/(k—l).

One applies 5.3(4) with m replaced by k, ¢ replaced by
[a(k — 1)(3)* 'ba(n — k)c '] V/*D,
and d = [/'/®=D to obtain p € C[4, H,_,(4)] a k polyhedral complex with
F(P) <y, B FTH(A)IED
J

k—1—m
Sy B RTIILE DIk
J=—

form=20,1,2,...,k, where vy, and vy, are appropriate constants. By 5.3(1)
one has

k k—1—m
2o ep(P) <1 X B aln = m) 1D/ Dy,
m= Jj=-

Since C, N U*(x, r) # &, we conclude, by a direct sum theorem for Cech
homology, that C, N 8"~ !(x, r) # O, thus

I >ca(n — k) 'e(i)*,
and it follows that
£ o e,y (P) < 3l ¥/ K= De(i)" X,

for an appropriate y; € R*. Set

C=[C~B'(x,r)]u eze(,-)[C,- NS x,r)]uPp,
so, by 8.4(1), C € C(B, L). Observe that

£ o e © e[ G N S"(x, )]
< a(n)&a(n — k)be = Ye(i)"**!
and
£ o gu[ G ~B'(x,r)]
< B[ ew(C) ~B(x, )] + a(n — k)le(i)"~**,
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and estimate

L[ ei(C) ~B™(x, r)] + L[ e,(C) N B*(x,7)]

=£" 0 €,;(C) < £ °eu(C)

< £ o e,y C~B(x,1)]
+0 0 ey 0 e G N S"TI(x, 1)] + £ ° ei(P)

< L[ ew(C) ~B(x,r)] + a(n — k)le(i)"**!
+a(n)da(n — k) be™Ue(i)"*H! + 1/ K= Dg(j)" Tk

< E'ew(C)~B(x,r)] + Yol /<= Ve(i)" X,

for an appropriate y, € R*. Conclusion (1) follows.
(2) Let i, x, and r be as in (2). Define f: R* — R by setting
f(s) = §[B'(x, 9)],

so f is an increasing function with f'(s) > /(x, s) for £' almost all positive s.
For each s with dist(x, B) > s > &(i), we have

fis) S Ty f ()77,
thus
[f(s)l/k]/ > k—lr(ll-—k)/k.

Conclusion (2) follows.

(3) Conclusion (3) follows from [FH, 3.2.22 and 3.2.39] and [RE, Lemma
2A].

(4) By (2) and (3) above we see that the C; are uniformly bounded. Then
the existence of a subsequence as in (4) is a consequence of 3(2) and [FH,
2.5.2] together with the fact that K (R") has a countable dense set. Conclusion

(a) follows from 3(5). Conclusion (b) follows from (2). Conclusion (c) is clear.
Conclusion (d) follows from (b), (c), (3), and [FH, 2.10.19(3)].

7. Main theorems.

7.1. Preliminaries. Throughout §7 we make the assumptions of 6.1. Further,
we assume B is kK — 1 rectifiable and that there exist C € € and a Radon
measure § over R" with compact support such that lim; C; = C in the
Hausdorff distance topology and ¢ is the weak limit of §, as i — co.

7.2. THEOREM. There exists T', € R* which does not depend on B, L, {e(i)},
{C;}, such that, for each x € C ~ Bandr € R™,

$[B"(x,r)] < a(k)rk
-sup{I‘z, a(k)”'k~"- diam(B)- IC7'(B)-[dist(x, B)]_k}.
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Proor. Let r e R* and i € {1, 2, 3, ...} be such that B*(x,r) N B = J,
U'(x, r) N C, # D, and r > €(i). Proceed as in the proof of 6.2(1) to obtain
the k — 1 polyhedral complex A with

Pi(4) < a(j)(3b) 'a(n — k)b - (YT TH

for each integer j, where / = [(x, r). We will apply 5.5(3c) with § = 1r where
7 < 1 has yet to be determined. By 5.5(3c), provided (i) < 8, we may choose
a € A so that

Lo epn[H(A,a,0)] <277 6(k + 1)y(n, k)og Pi(A)e(i)" N
Set H = H(A, a, #) and
D=[C~B'(x,r)] Ueyn[C:nS"x,)]UH
Ul U {pe © 7.(W'(2)): z € Z}, py © 7,(W'(2)) C B*(x, 2nr)} ],
so, by 8.4(1), D € C(B, L). Hence one has
L[ e, (C;) ~B"(x,7)] + £ [ (C) N B*(x,7)]
< E[ew(D)]
< £[ew(C) ~B(x,r)] + aln — k)le(i)"™ !
+a(n)da(n — k)be ™ e(i)" ¢!
+27"- 6(k + )y(n, k)ag Pi(4)e(i)" "

+ (1203 eI aln — e

provided 7 < 1 and &(i) < 8. Setting

f(r) = &[B"(x, 1],
one has

Bf(r) <[e(i) + ] f'(r) + Tk
where 8 < 1 depends only on n and k. Set
r=4"%""8 and T,=2r""8'a(k)”".
Observe that, as a consequence of 6.2(3),
$[B(x, r)] < oz(k)r"[cm(k)_lk‘I - diam(B)- 3¢~ (B )[dist(x, B )]""]

whenever r > dist(x, B). If, for r < dist(x, B),

f(na(k)™'r % > Ty, (*)
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then one has

f(r) <k~'rf'(r)
provided &(i) < 7r. Thus if (x) holds, then one sees that f(r)a(k)™'r=* is
increasing. The conclusion of 7.2 follows.

7.3. THEOREM. The set C is (3*, k) rectifiable.

Proor. By 6.2(4d) and [FH 3.3.13] there exist Borel sets S and U such that
SNU=8,8SuU U= C,Sis (I, k) rectifiable, U is purely (3%, k) unrec-
tifiable, and $¥(U) = 0. Set

R = (U~ B)n {x: ©(I*LS, x) = 0}
and notice that by [FH, 2.10.19(4)] it suffices to show R = . By [FH,
2.10.15] we may assume £%[p,(U)] = O for each A € A(n, k), where p, is as in
[FH, 1.7.4].
Let 27! < p < 1 be arbitrary and set

o =3~V =k/%(1 — p)* card[ A(n, k)] "
Let x € R be arbitrary. There exists r, € R*, with ry < dist(x, B), such
that if » < ry, then
J[B*(x,r) N S] <ork.
Let r < ry be arbitrary and sets = pr, 8 = (r — 5)6™'n

For each A € A(n, k) define f,: R” — {0, 1} by setting f,(a) = 1 if and only
if

-1/2

Px [P(2)] N 7_s o miy[B(x, 1) N C] # B
for some z € Z. Set

f= 2 f, and A=R"N {x:m(x) < 1}.
AEA(m, k)

One estimates
[f@dg;= 5 [ f(a)de;
A AEA(nk) YA
< card[ A(n, k)]or*g ~*2"~* = 3712*(A).
Hence there exists a compact A’ C A with £*(A") = 2 - 371£"(A) such that
f(a) = 0foreacha € A'.

Choose an arbitrary i € {1, 2, 3, ... } which satisfies (i) < 8. Proceed in a
manner similar to the proof of 6.2(1) to construct a k£ polyhedral complex P
from a covering of C; N [B"(x, r) ~ U"(x, s)] which satisfies

PI(P) < %[ B (x, r) ~ U'(x, s)]e(i)’_k
for each integer j, where vy, € R* depends only on n and k.
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For each a € A, set
V'(a) = U{Clos W'(z): z €Z;, with
T_g ° ty[B"(x, s + 8)] N Clos W'(z) # &}
and
V(@) = g ° [ V'(@)].
Now, for £* almost all a € A, P N Bdry ¥V(a) can be made a k — 1 polyhe-
dral complex so as to satisfy

k—j
f P[P N Bdry V(a)] dE <y, >, 07'9*/(P)
A I==1

forj=0,1,2,...,k — 1, where y, € R* depends only on n and k. Thus we
may select b € A so that

k—Jj
P[P N Bdry V(b)] < (k + 1)y, >, 07'9/*!(P)
i=1
forj=0,1,2,..., k — 1. By 5.5(3c) one can choose a; € A’ so that

L o e[ H(P N Bdry V(b),a,0)]
<3-27""1.6(k + 1)y(n, k)0
; #[ P N Bdry V(b)]e(i)" ™!

k—1 k—j .
<Syb 2 (k+ 1)y, 2 PP e(i) ™
Jj=0 I=1

< (k + Dyv112v3- 0%[B"(x, r) ~U"(x, 5)]
—1 k—Jj

2 208()" k+1-1

Jj=0 I=]
< 743’:’[B"(x’ r) ~U'(x, s)]e(i)n_k,

where v;, v, € R* depend only on n and k.
Set

C/ =[C ~ B (x, 1) ~U(x,5))]
Ueni[ (G NS x, 1) U (G NS Nx,5)]u P
By 84(22) we have C/ € C(B, L). Now, V(b) C B*(x, r) so if
Bgo°T, 01 °T_ 4 ° By (04, as in [FH, 4.2.6]) is not defined on C/ N
V(b), then there is y; € C/ N B*(x, r) such that at least k coordinates of

T_, ° By9(¥;) are even integers. Since C; converges to C in the Hausdorff
distance topology and A’ is compact, it follows that



THE PROBLEM OF LEAST AREA 339

BgoT, °0,_ 1 °T_, ° My is defined on C/ N V() for all sufficiently large
i. Also, for sufficiently large i,

C/ N Bdry V(b) = P N Bdry V(b)
holds. It then follows that
[C/ ~ V(b)] U H[ P N Bdry V(b), a;, 0]
Uty ©Tg © 01 °T_g ° !‘1/0[ G n V(b)]
is in C(B, L) for all sufficiently large i, and, hence, by [RE, Lemma 17A],
[C/ ~ V(b)] U H[ P N Bdry V(b), a;, 0]

is in C(B, L) for all sufficiently large i. So one has, for all sufficiently large i,

L[ e,i)(C;) ~B™(x, r)] + £ ew(C) N B(x, r]
=" ea(i)(ci)
< E'[eu(C) ~B*(x,r)] + £ ° esiy(P)
+ £ o e[ H(P N Bdry ¥(b),a, 0)]
< £"[ew(C) ~B(x,r)]
k
+114[B(x, 1) ~U'(x, 5)] - 20 a(n — j)4 Je(i)" ™"
j=
+ 7.4 B (x, r) ~ U'(x, s)]e(i)"_k.
Thus one has
$[U"(x, )] < vs$[B"(x, r) ~U"(x, 5) ]
where y; € R* depends only on n and k. But 27! < p < 1 was arbitrary so,
by 6.2(4b),

3[8"“1(x, r)] > y5 kKT Rk,
and this contradicts 7.2.

7.4. THEOREM. (1) There exists Ty € R* such that for each X € C, each
e € R*, and each Lipschitzian f: X — R”" one has

L o e[ f(X)] < T3[1+ Lip(f)]"C" ° e,(X).

(2) For each (3%, k) rectifiable and ¥* measurable set X C R", if there
exists B € R™* such that, for each x € X and each r € R™,

B"(x,r) N B = <& implies f}C"[B"(x, nnXxjs> Br,

then OM*(X) = I (X).
(3) Let X € C(B, L) satisfy

(X ) = inf{IC(Y): Y € C(B, L)}
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and set Z = spt(3*LX) U B; then Z € C(B, L) and M*(Z) = H*(2Z).
@A Ifx € C~ B, f € O%n, k),and g € O*(n, n — k) are such that
f*(R*) = Tan*(I*LC, x) and g*(R"™*) = ker(f),
then there exist arbitrarily small r € R* such that
AU, )] N g7 {U4(0, )] N 7_(C)) = U0, r)
Jor all sufficiently large integers i.
(5) One has
(a) lim,§,(R") > IC(C),
(b) IC(C) = M(C),
(©) ME(C) = inf(M4(Y): ¥ € C(B, L)),
(d) IC*(C) = inf{IC(Y): Y € C(B, L)}.

Proor. (1) Let X, ¢, f be as in (1). Set / = Lip(f). By [FH, 2.8.14] there
exists a positive integer b, depending only on n, such that there are disjointed
families, F|, F,, F, ..., F,, of closed balls of radius ¢ centered in X with
X ¢ U (U,F). Now, any point of f(X) is within /e of f(c) for some
c € {C(B): B € U ;F;}, so we have

£"oe[f(X)] < card( U I';) (1 + 1)"a(n)e".
J

Foreachj=1,2,3,...,b,
card(F)) < [a(n)e"]_‘ﬁ" °e,(X)
holds. Conclusion (1) follows with I'; = b.
(2) Let X and B be as in (2). Let 6 € R* be arbitrary. By [FH, 3.2.18] one

can choose a compact, k rectifiable W c X with 3*(X ~ W) <o**!. For
eache € R set

A, =X ~[e, (W)U e,(B)]
By [FH, 2.8.14] there exists a positive integer b such that, for each ¢ € R*,
there exist disjointed families, F|, F,, F;, . . ., F,, of closed balls of radius oe
centered in 4, so that 4, C U (U, F)). The hypothesis of (2) implies card(F))
<oB 'ekforj=1,2,3,..., b, hence one has
£roe(A4,) < (1+ 0)a(n)boB " 'e" %
Since
B" ° ee(X) < En ° e(1+o)e(B) + B’I ° e(1+o)e(W) + B’l ° ee(A!),
one concludes by [FH, 3.2.39] that
M**(X) < (1 + 06)" *I*(W) + (1 + 0)"a(n)boB ~'a(n — k)~

Because o was arbitrary, conclusion (2) follows from [FH, 3.2.37].

(3) Let X and Z be as in (3). By [RE, Lemma 21A] there exists a minimal
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Y C X with Y € C(B, L). Let x € X ~ Z be arbitrary. By [FH, 2.10.25],
there exists » € R* such that B"(x, /) N B = & and

WX NS (x,r)] =0,
which implies

Hk_l[ Y NS (x, r)] =0
by [RE, Lemma 17A]. By 8.2(2), Y ~U"(x, r) € C(B, L), which implies
x &€ Y. Since x € X ~ Z was arbitrary, one has Y C Z,s0 Z € C(B, L) by
[RE, Lemma 7A]. That IM*(Z) = 3*(Z) follows from (2) and the last

paragraph on p. 37 of [RE].
(4) Without loss of generality assume x = 0. For each r € R™ set

V(r)=f"'[BX0,r)] n g '[B"7%(0, )]

and U(r) = Int ¥V(r). Assume, contrary to (4), that there exists r, € R*, with
ro < 87 'dist(0, B), such that for each r € R* with r < r, there exist infinitely
many positive integers i such that

U (0, r) ~f{U(r) N C] # 2.

By 6.2(4b), 7.2, and [FH, 2.10.19(1) and (3)] there exist y,, y,, y3; and
v4 € R* such that if

y € C nB0,27" dist(0, B)]
and 0 < s < 4~ 'dist(0, B), then
715 < §[B"(5, 5)] < ,I[B*(y,5) N C]
< 1§ [B*(r, )] < vas™

Let 27! <p <1 and 0 < ¢ <2731 — p)y,y;! be arbitrary. Choose
0 < r, < rysuch that

IC(C N V(e)~g ' [B"4(0,27'(1 — p)1)]) < £IC[C n V()]
for each t < r,. Let 0 < r < r, be arbitrary and notice that
CnV[27'0+p)r]~g ' [BX50,(1 —p)r)] =2,
since if y is in the above set, then
B[y, 27'(1 — p)r] C V(r) ~g '[B"%(0,27'(1 — p)r)]
and, consequently,
I(C N V(r)~g ' [BH0, 270 = p)r)]) > 275(1 — p)yirtys !
while
IC[V(r) N C] < v 22y

which is impossible by the choice of § and r.



342 HAROLD PARKS

By hypothesis, one can choose a subsequence i(1), i(2), i(3),... of 1, 2,
3,... and foreachj = 1,2,3,... anq; € U“Q0, pr) such that a; & flU(pr)
N Cypl Foreachj=1,2,3,... set C, = Cy;, &) = €(i(j)), and §; = §,,.
Define a map ®; as follows:

(a) @; is the identity on R” ~ U[3™ (1 + 2p)r);

(b) for x € U[37'(1 + 2p)r] ~ V[4~'(1 + 3p)r],

®(x) = tx + (1 — 1)f* ° f(x)
where
t=[1f(x)| — 4711 + 3p)r][37'(1 + 20)r — 47'(1 + 3p)r]

(c) on V[47'(1 + 3p)r] ~ f'(f(a)) ®; is f* ° f followed by central projec-
tion from g; onto f*[S*~'(0, 47 (1 + 3p)r)].
We restrict our attention to j such that

d(C,C) <67 (1 —p)r and &(j) <47'(1- p)r.
For such j, we have
GnV[37'(1+20)r] ~g ' [B"%(0,6"- 5(1 — p)r)] = B,
so ®,(C) € C(B, L). Also, we have
e %(C)] clew(C) ~ V(]

U [ea(j)(aj) N v(r)~ V(P’)]
Uen|[ (G n V(371 + 20)r) ~ U(47'(1 + 3p)r)) ]
Ueg(j)[j“(S"_‘(O, 471 + 3p)r))].

Now, one can check that

Lip[®|C, n ¥(37'(1 + 2p)r) ~ U(47'(1 + 3p)r)] < 26

holds. So, using (1), we obtain

e[ e(G) N V(r)] < een(C) N V(r) ~ V(P’)]
+T5(27)"€" © e[ G N V(37'(1 + 20)r) ~ U(47'(1 + 3p)r) ]
+ £ o g [ fX(S471(0, 471(1 + 3p)r)) ]
<[1+ 1,20 )€ e, (C) N V(r) ~ V(pr) ]
+2k r*la(k)e(j) T
It follows that

$[V(r)] <[1+ T30 ]$[ V(r) ~ V(pr)]
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holds for 0 < r < r; and from that we obtain

$LV(r)~ V(pr)] > v,[1 + T527)"] " 'r
for 0 < r < r;. Thus we have

$[Vn] = 3, H[Ve) ~ V)]
>Yl[1 + I’3(27)"]_1"’(‘ i o’

=0
= n[1+T,Q7" ] (1= p*)7 - r*
for 0 < r < r,. Since
$[V(N] <5 a2k
holds for r < r,, we obtain a contradiction by choosing

1>p> (1 y[1+0,Q7N"] yavs 2742 7%

(5a) Conclusion (5a) follows from [FH, 2.8.7 and 3.2.19] and (4).

(5b) Let 6 € R* be arbitrary. By 6.2(4b), 6.2(4c), 7.2, and [FH, 2.10.19
(1,3)], $LR" ~ B) and I(*L(C ~ B) have the same sets of measure zero.
Thus [FH, 3.2.18] allows us to choose a compact, k-rectifiable W ¢ C ~ B
with $[C ~ (B U W)] < o**!. The proof now proceeds in a manner similar
to the proof of (2), but we use 6.2(4b) to conclude

card(F;) < ok*T§~'e %
(5¢) From (5a), (5b) it follows that
MA(C) = inf{M**(Y): Y € C(B, L)} )
holds. Let D € C(B, L) be arbitrary and choose a new sequence {&(1), €(2),
e(3), . .. } c R*, with lim,e(¥) = 0, so that
lim a(n — k)™ 'e(i)*7"L" o (D) = ML(D).
Applying the previous results, one obtains C € C(B, L) such that, by (5a),
(5b),
M(C ) < MLD)
while, by (1) applied to C, M¥(C) = IM*(C). This proves (5c).
(5d) Conclusion (5d) follows from (3), (5b), (5c), and the main theorem of
[RE].

8. Topological lemmas.

8.1. Preliminaries. For use in 8.2 we fix the following terminology:
()B,C,D,E,F € C;

(2) L c H,_,(B) is a subgroup;
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(3) e € R" and @ is a finite covering of D N C by open balls of radius no
larger than &;

4 set H=¢[Clos U&]land4 = N(&, D n C),_;;

(5) assume E € C(B, L), FN B=J,and k > 2;

6)i: DNC—>H,j:A—>H,I: B>E~IntF, m: ENBdry F» E ~
Int F are inclusion maps.

8.2. LEMMA. One has
(D) iy [H_ (D N C)] CJj,[Hi_(4)),
() 1 (L) € m[H,_,(E n Bdry F)].

PROOF. (1) Let D be an arbitrary covering of D N C by open balls. Then

) induces a covering of the space D N C, and the nerve, Ng, of this covering
can be mapped to N(°D, D N C) in the obvious manner; we will denote this

map by fa.

Let 6 € H,_,(D N C) be arbitrary. Let % be an arbitrary covering of
D N C by open balls which refines @ and let p: Ng — Ng be the projection
(see [ES, IX, 2]). One notes that r o fg is homotopic to g ° fg ° p, where r:
N(®,D n C)— H and g: N(&, D N C) — H are the inclusion maps. Since
%D refines @ we have p, ° mg = mg and we see that

e ° fox ° Tg(0) = @y © fou © 7g(0).
By the continuity of Cech homology [ES, X, Theorem 2.1], one concludes
i(0) € q,[H,_,(N(& D n C))].

But, clearly, one has
g, [H,{(N(@, D n C))] Cju[He_(4)]-

(2) Consider the following commutative diagram in which all the homo-
morphisms are induced by inclusion maps.

6
H, (B ENF)«——H,_ (E~IntF, EN Bdry F)

8] 8]

7. I,
H,_,(E) H,_(E~Int Fy«——H,_,(B)

m

*

H,_,(E N Bdry F)

By [ES, IX, Theorem 7.6}, ker(8,) = im(m,), while, by [ES, X, Theorem 5.4],
@, is an isomorphism. Let 0 € L be arbitrary. By hypothesis v, ° /(o) =0,
sO

0=0,°7,° l*(o) =0,°8,° l*(o);

thus one has 8, ° /,(0) = 0, which implies /,(0) € im(m,).
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8.3. Preliminaries. For use in 8.4 we fix the following terminology:

()B,C,D € C;

(2) L c H,_,(B)is a subgroup;

(3) e ER*, @ is a finite covering of D N C by open balls of radius no
larger than ¢, and &, C & is a covering of Bdry(D) n C;

@setd =N(E@,D n C),and 4, = N(&,, Bdry(D) N C),_;

(5)assume C € C(B,L),D N B=J,and k > 2.

8.4. THEOREM. (1) For each Y € C[A,, H,_(A))}, one has
(C~D)U e Bdry(D)n C]u Y € C(B, L).
(2) One has
(C~D)U e,[Bdry(D)n (C)] U 4 € C(B, L).
PRrROOF. (1) Set
U=(C~D)uUue(CnNnBdryD)uU Y.

Consider the following commutative diagram in which all the homomor-
phisms are induced by inclusion maps.

H_1(4,) 2 Hy_ ()
dl |
H,_,(e.(ClosU ¢,)) H,_,(U)

d RN

«
H,_,(C N Bdry D) — H,_,(C~ Int D) «——— H, _,(B)

Let 6 € L be arbitrary. By 8.2(2) there exists ¢’ € H, _,(C N Bdry D) such
that B8(o") = a(o). By 8.2(1) there exists 6” € H, _,(4,) such that 8§(¢”) =
v(0’). One sees easily that ¢(¢”) = 0 implies (o) = 0.

(2) Set

C,=C~IntD, C,=CnD. E=C nBdryD,
V=(C~D)U e [CnBdryD]uU 4.

Consider the following commutative diagram in which all homomorphisms,
except d,, d,, and 9 are induced by inclusion maps.
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H(C,, E) H,_(C)

Hy_,(©)

o, | al xl \
Hy_1(C)) = H,_,(B)
ol /

H,_,(e(Clos U @) —— H,_,(V)
WZT w T

He_1(4)) > H,_,A)

Let 0 € L be arbitrary. By 8.2(2) there exists ¢’ € H,_,(£) such that
Bi(0) = a(o). Since C € C(B, L), one has y(¢’) = 0. Thus there exists 7’ €
H,(C, E) such that d(7") = o’. The maps ¢, and ¢, provide an injective
representation of H,(C, E) as a direct sum, so there exists 1 € H,(C,, FE), for
i =1, 2, such that 7" = ¢,(1]) + ¢,(73). Set 6/ = 9,(7)) for i = 1, 2. One has
¢ = o7 + o5 and B,(o7) = 0. Now by 8.2(1) there exists o; € H,_,(4,) so
that w,(o;) = w,(03), and since (,(05) = 0, one sees by the proof of 8.2(1)
that wy(07) = 0. It follows that § ° B,(03) = 0, hence that 8 - 8,(¢’) = 0, and
finally that 0 = 8 ° a(e) = p(o).
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